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During the last decades, fractional order partial differential equations have gained a great attention
from many authors because of their wide applications in various disciplines such as physics, chemistry,
mechanics and so on. The fractional Laplacian p´∆qs not only concerns Lévy fights in physics but also
arises in stochastic theory. These operators, well-known as the operators associated with symmetric
2s-stable Lévy processes, play an essential role to explore many different subjects on partial differential
equations. One of them is the study of semi-linear damped σ-evolution equations
#
utt ` p´∆q
σu` µp´∆qδut “ fpu, ut, |D|
auq, x P Rn, t ą 0,
up0, xq “ u0pxq, utp0, xq “ u1pxq, x P Rn,
(1.1)
where σ ě 1, δ P r0, σs, for any µ ą 0, the nonlinearity f “ fpu, ut, |D|
auq with a P p0, σq and for the
Cauchy conditions pu0, u1q belonging to suitable function spaces.
Let us begin introducing some previous results which state Lp´Lq decay estimates for solutions to
the following Cauchy problem for the σ-evolution equations:
#
utt ` p´∆q
σu “ 0, x P Rn, t ą 0,
up0, xq “ u0pxq, utp0, xq “ u1pxq, x P Rn,
(1.2)
for any σ ě 1. Namely, one of the most typical important problems of type (1.2) with σ “ 1,
the so-called classical free wave model, arises in many fields of applied sciences such as acoustics,
electromagnetics and fluid dynamics. It describes mechanical waves (e.g. vibrating string with n “ 1,
vibrating membrane with n “ 2, or vibrating elastic solid with n “ 3) and light waves as well. In order
to derive Lp ´ Lq estimates, the main approach is the applications of method of stationary phase. In
particular, it is necessary to understand deeply about oscillating integrals with localized amplitudes
in different parts of the extended phase space. Without requiring for additional regularity of the data
and with considering the first data u0 “ 0, we want to address the readers to two pioneering papers
[59] and [64] in which solutions to (1.2) satisfy the following Lp ´ Lq decay estimate away from the
conjugate line:




where the point p 1p ,
1























n´1 q. Here we notice that we define P2 “ p0, 0q and
P3 “ p1, 1q in the space dimension n “ 1 or n “ 2. After that, we are able to extend the admissible
range for pp, qq to get the Lp ´ Lq estimates by using additional regularity of the data. The authors,
for examples, in the papers [50] and [65] obtained the following Lp ´ Lp estimate:
}upt, ¨q}Lp À p1` tq
pn´1q| 1p´
1






where p P p1,8q, s ě pn´ 1q| 1p ´
1
2 | and r ě
“
pn´ 1q| 1p ´
1
2 | ´ 1
‰`
. Quite recently, the authors in [25]
have developed this method to study (1.2) for any σ ą 1. By taking u0 “ 0, the following L
p ´ Lq
estimate holds:






for all 1 ď p ď q ď 8, with 1p `
1





















Under additional regularity, the estimate







}u0}Lp ` t }u0}Hσp ` t }u1}Lp
˘
was derived in [25]. Moreover, the associated semi-linear Cauchy problem for (1.2) with the power
nonlinearity |u|p, p ą 1, has been widely investigated among the mathematical community (see, for
example, [25, 30, 31, 33, 40, 41, 45, 66, 67, 68, 78, 80]).
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A second interesting model related to (1.1), namely that with σ “ 1 and δ “ 0, is well-known as
the classical damped wave equation
#
utt ´∆u` ut “ 0, x P Rn, t ą 0,
up0, xq “ u0pxq, utp0, xq “ u1pxq, x P Rn,
(1.3)
By the aid of the damping term ut, in the papers [47] and [48] the author established L
p ´ Lq decay
estimates on the conjugate line. Afterwards, the following Lp ´ Lq decay estimates away from the





















with 1 ă p ď q ă 8, where j, k ě 0 are integers and for all space dimensions n ě 2. Also, in the same
paper the precise interpolation of the diffusive structure as tÑ8 has been discussed in the Lp ´ Lq
framework. Main goal of the cited papers is to apply the obtained Lp´Lq estimates to deal with the
corresponding Cauchy problem for semi-linear equations. Concerning the classical semi-linear damped
wave equation with nonlinearity term |u|p, the authors in [73] proved the global (in time) existence
of energy solutions for p ą pFujpnq “ 1`
2
n , the so-called Fujita exponent, and for p ď
n
n´2 if n ě 3.
Besides, they also indicated a blow-up result in the inverse case 1 ă p ă pFujpnq which was improved
for 1 ă p ď pFujpnq in the paper [79] by using the well-known test function method so far. For the
purpose of further considerations, there are numerous papers involving (1.3) with the nonlinearity
term |u|p´1u in the place of |u|p (see more [37, 38, 44, 54, 58]).
A third remarkable model which has widely studied in several recent papers, for instance, [7, 12,
52, 57] is the Cauchy problem for structurally damped wave equations
#
utt ´∆u` µp´∆q
δut “ 0, x P Rn, t ą 0,
up0, xq “ u0pxq, utp0, xq “ u1pxq, x P Rn,
(1.4)
with δ P p0, 1s. In particular, in [57] the authors divided the phase space into two parts including
sufficiently small and sufficiently large frequencies in order to study Fourier multipliers with oscillations
in the representation of solutions to (1.4). More in detail, to do this, there appeared two main strategies
in [57]. They applied heavily radial symmetry combined with the theory of modified Bessel functions
(see also [26]) and took into considerations the connection to Fourier multipliers appearing for wave
models, respectively, for small frequencies and large frequencies. Consequently, having L1 estimates
for oscillating integrals was to conclude the Lp´Lq estimates away from the conjugate line for solutions
to (1.4) in the distinct cases δ “ 12 , δ P p0,
1
2 q and δ P p
1
2 , 1q as follows:
}upt, ¨q}Lq À t
´np1´ 1r q}u0}Lp ` t



























r q}u0}Lp ` t
1´n`2´4δ2p1´δq p1´
1








r q}u0}Lp ` t
1´ n2δ p1´
1




















r }u1}Lp if t P r1,8q,




p . In the special case δ “ 1 related to
visco-elastic type damping, this model was considered more in detail in [69]. The author obtained
a potential decay estimate for solutions localized to low frequencies, whereas their high-frequency
part decays exponentially under the requirement of a suitable regularity for the data by application
of the Marcinkiewicz theorem (see, for example, [46, 75]) to related Fourier multipliers. Thereafter,
considering the case of semi-linear visco-elastic or structurally damped wave models the authors in
[12, 60] proved the global (in time) existence of small data energy solutions in low space dimensions
by using classical energy estimates, i.e. estimates on the base of L2 norms. In addition, in [7] some
suitable high-frequency Lq ´ Lq estimates, with q P p1,8q, for solutions to (1.4) have been obtained
for δ P p0, 14 q. Meanwhile, in the remaining case σ P r
1
4 , 1q the authors developed these estimates
relying on some techniques in [57]. Then, by the application of the achieved estimates some global
1.2. Main goals and structure of the thesis 11
(in time) existence results of small data Sobolev solutions were presented in [7] for “parabolic like
models” corresponding to (1.4) with δ P p0, 12 q.




σu` µp´∆qδut “ 0, x P Rn, t ą 0,
up0, xq “ u0pxq, utp0, xq “ u1pxq, x P Rn,
(1.5)
and concluded the following Lp ´ Lq estimate away from the conjugate line for solutions to (1.5) in
the case σ ě 1 and δ “ σ2 :
}upt, ¨q}Lq À t
´nσ p1´
1








p . The use of pL
1 X Lqq ´ Lq estimates to (1.5) with
q P p1, 2s, i.e. the mixing of additional L1 regularity for the data on the basis of Lq ´ Lq estimates
was investigated in [11] to study semi-linear σ-evolution models (1.1) with the nonlinearities |u|p and
|ut|
p in the case δ “ σ2 . The effective tools that the authors applied were results from Harmonic
Analysis such as Gagliardo-Nirenberg inequality, the fractional powers rule and embeddings into L8
(see also [61]). Some classical versions of Gagliardo-Nirenberg inequality can be found, for example,
in [12, 35, 55]. Independently from [11, 57], another approach in [9] was to derive sharp Lp ´ Lq
estimates, with 1 ă p ď q ă 8, to (1.5) and some Lq estimates for solutions and some of their
derivatives, with q P p1,8q, to (1.1) in the case δ P r0, σ2 s. In particular, here the authors found an
explicit way to obtain these estimates for (1.5) by using the Mikhlin-Hörmander multiplier theorem
for kernels localized to high frequencies. Due to the lack of L1´L1 estimates, they used two different
strategies to look for the global (in time) existence of small data Sobolev solutions to the semi-linear
models (1.1). On the one hand, they took account of additional L1 X L8 regularity in the first case
with δ “ σ2 . Additional L
η XLq̄ regularity, on the other hand, was replaced for any small η and large
q̄ in the second case with δ P p0, σ2 q. In [26] the authors mentioned some different interesting models
related to (1.5), namely those with σ “ δ “ 2, well-known as the visco-elastic damped plate models.
Here some decay estimates of the energy and qualitative properties of energy solutions were studied
as well.
Finally, let us mention briefly some known results to (1.5) with µ “ bptq, the so-called structurally
damped σ-evolution equation with time-dependent dissipation. In the PhD thesis [42], the author
developed WKB analysis to derive an explicit representation formula based on Fourier multipliers for
solutions. Using the obtained presentation formula, he derived L2´L2 decay estimates for energies of
higher order and Lp´Lq estimates on the conjugate line as well under some “effectiveness assumptions”
of the coefficient µ “ bptq. Moreover, some qualitative properties of energy solutions such as parabolic
effect and smoothing effect were explained in detail. In the paper [8], the authors have introduced
a complete classification distinguishing between effective damping and non-effective damping for the
model of interest bptq “ βp1 ` tqα with β ą 0 and α P p´1, 1q. Furthermore, they have verified
that in the former case the asymptotic profile of Sobolev solutions to (1.5) is the same as that to an
anomalous diffusion equation under a suitable choice of data. This means there appears the diffusion
phenomenon.
1.2. Main goals and structure of the thesis




σu` µp´∆qδut “ fpu, ut, |D|
auq, x P Rn, t ą 0,
up0, xq “ u0pxq, utp0, xq “ u1pxq, x P Rn,
(1.6)
with σ ě 1, µ ą 0 and δ P r0, σs. Here the function fpu, ut, |D|








with a given number p ą 1 and some constant a P p0, σq. We are interested in
exploring two main models including σ-evolution models with structural damping δ P p0, σq and those
with visco-elastic damping δ “ σ (or strong damping, see also [36, 39]) in the general cases σ ě 1.
The main goal of the present thesis is to prove the global (in time) existence of small data Sobolev
solutions to (1.6) from suitable function spaces basing on Lq spaces by using pLm X Lqq ´ Lq and
Lq ´ Lq estimates for solutions, with q P p1,8q and m P r1, qq, to the corresponding linear model
with vanishing right-hand side, i.e. the mixing of additional Lm regularity for the data on the basis of
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Lq´Lq estimates. To establish desired results, we would like to investigate L1 estimates for oscillating
integrals in the presentation of solutions to the linear problem by applying the theory of modified
Bessel functions and Faà di Bruno’s formula. Then, it is reasonable to derive Lp ´ Lq estimates not
necessarily on the conjugate line for solutions to the linear problem, with 1 ď p ď q ď 8, in the case of
structural damping δ P p0, σq. Unfortunately, this strategy fails in the cases of external damping δ “ 0
and visco-elastic type damping δ “ σ. For this reason, we apply the Mikhlin-Hörmander multiplier
theorem for kernels localized to high frequencies to obtain Lq ´ Lq estimates, with q P p1,8q, for
solutions to the linear problem in the latter cases by assuming a suitable regularity for the data.
Having Lq ´ Lq estimates after assuming additional Lm regularity for the data and some of modern
tools from Harmonic Analysis in [61] (see also [12, 35]) play a fundamental role to prove results for
the global (in time) existence of small data Sobolev solutions to (1.6). Throughout this thesis, we
recognize that the flexible choice of parameters σ, δ, m and q not only brings some benefits to relax
the restrictions to the admissible exponents p but also affects our global (in time) existence results
remarkably.
For the case δ P p0, σ2 q, we want to underline that we intend to use different strategies allowing
no loss of decay and some loss of decay combined with loss of regularity to deal with (1.6). Loss
of regularity (see, for example, [4, 9, 50, 59]) is a well-known phenomenon describing the effect that
the regularity of obtained solutions to semi-linear models is less than that of the initial data. This
phenomenon appearing in our global (in time) existence results is due to the singular behavior of
time-dependent coefficients in estimates for solutions to the linear model localized to high frequencies
as t Ñ `0. However, we can compensate this difficulty by assuming higher regularity for the data.
Loss of decay is understood when decay rates in estimates for solutions to semi-linear models are worse
than those given for solutions to the corresponding linear model. Additional benefits of allowing loss
of decay (see [7]) are to show how the restrictions to the admissible exponents p could be relaxed.
For the remaining case δ P pσ2 , σs, compared to the regularity of the initial data we can see that
a loss of regularity of the obtained Sobolev solutions to (1.6) does not happen. More precisely, a
smoothing effect appears for some derivatives of solutions to the corresponding linear equation with
respect to the time variable. This brings some benefits in treament of the semi-linear equations (1.6).
Finally, we want to emphasize that the properties of solutions to (1.6) change completely from p0, σ2 q
to pσ2 , σs. Here we propose to distinguish between “parabolic like models” in the case δ P p0,
σ
2 q and
“σ-evolution like models” in the case δ P pσ2 , σs according to expected decay estimates.
The structure of this thesis is organized as follows: In Chapter 2 we follow the same approach from
the paper [57] with minor modifications in steps of proofs to conclude Lp´Lq estimates not necessarily
on the conjugate line for solutions to the linear problem, with 1 ď p ď q ď 8, in the case δ “ σ2 .
Then, we may obtain pLmXLqq´Lq and Lq´Lq estimates with q P p1,8q and m P r1, qq. In Chapters
3 and 4 we develop some L1 estimates relying on several techniques from [57] for oscillating integrals
in the presentation of Sobolev solutions to the corresponding linear model by using the theory of
modified Bessel functions combined with Faà di Bruno’s formula in the cases δ P p0, σ2 q and δ P p
σ
2 , σq,
respectively. We also derive L8 estimates to conclude Lr estimates for all r P r1,8s. For this reason,
we state Lp´Lq estimates not necessarily on the conjugate line, pLmXLqq´Lq and Lq´Lq estimates,
with q P p1,8q and m P r1, qq for solutions to the linear model. The point in Chapters 3 and 4 is the
application of the Mikhlin-Hörmander multiplier theorem for kernels localized to high frequencies to
obtain Lq ´ Lq estimates, with q P p1,8q, for solutions to the linear problem by assuming a suitable
regularity for the data in the cases δ “ 0 and δ “ σ, respectively. Afterwards, in Chapters 5, 6 and
7 we investigate the global (in time) existence of small data solutions to the semi-linear models from
suitable function spaces basing on Lq spaces including energy solutions, Sobolev solutions, energy
solutions with a suitable higher regularity and large regular solutions in the cases δ “ σ2 , δ P p0,
σ
2 q
and δ P pσ2 , σs, respectively. To do this, we apply pL
mXLqq´Lq, Lq ´Lq estimates from Chapters 2,
3, 4 and some tools from Harmonic Analysis such as the fractional Gagliardo-Nirenberg inequality, the
fractional Leibniz rule, the fractional chain rule, the fractional powers rule and the fractional Sobolev
embedding. The emphasis in Chapter 6 is on presenting in detail two used different strategies allowing
no loss of decay and some loss of decay combined with loss of regularity. In Chapter 8 we explain
some qualitative properties including Gevrey smoothing and propagation of singularities for energy
solutions to the linear problem. Finally, Chapter 9 is to devote to the proof of a blow-up result for
(1.6) with the nonlinearity |u|p, where σ ě 1 and δ P r0, σq are assumed to be any fractional numbers,
by the application of a modified test function method.
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2. Linear structurally damped σ-evolution
models with δ “ σ2
The main purpose of this chapter is to study linear structurally damped σ-evolution models of the
form
utt ` p´∆q
σu` µp´∆qδut “ 0, up0, xq “ u0pxq, utp0, xq “ u1pxq (2.1)
with σ ě 1, µ ą 0 and δ “ σ2 . This is a family of structurally damped σ-evolution models in the special
case δ “ σ2 . Our goal is to obtain L
q ´Lq estimates for solutions to (2.1) by assuming additional Lm
regularity for the data with m P r1, qq, where q P p1,8q is given.
To do this, let us explain our objectives and strategies as follows:
• By using the partial Fourier transformation we can reduce the partial differential equation to study
an ordinary differential equation parameterized by ξ.
• Due to different asymptotic behavior of the characteristic roots depending on µ, we divide our
considerations into two sub-cases: µ “ 2 and µ ‰ 2.






































• Then, by using Young’s convolution inequality we can conclude Lm ´ Lq estimates with q P
r1,8s and m P r1, qs, Lm X Lq ´ Lq and Lq ´ Lq estimates with q P p1,8q and m P r1, qq for
solutions to (2.1).
2.1. A first Cauchy problem for linear structurally damped
σ-evolution models




2 ut “ 0, ups, xq “ 0, utps, xq “ u1pxq, (2.2)
where s ě 0 is a fixed non-negative real parameter, µ ą 0 and σ ě 1. Thanks to the change of




2 vt “ 0, vp0, xq “ 0, vtp0, xq “ v1pxq. (2.3)
Using partial Fourier transformation to (2.3) we obtain the Cauchy problem for pvpt, ξq :“ Fpvpt, xqq





pv “ 0, pvp0, ξq “ 0, pvtp0, ξq “ pv1pξq. (2.4)
Lm X Lq ´ Lq and Lq ´ Lq estimates
In this section, we want to prove the following result.
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Theorem 2.1.1. Let q P p1,8q be given and m P r1, qq. Then, the solutions to (2.3) satisfy the











































































m , j “ 0, 1, for any a ě 0 and for all dimensions n ě 1.
Proof. Here we follow ideas from [11]. We divide our considerations into three sub-cases: µ “ 2,
µ P p2,8q and µ P p0, 2q.
Special case µ “ 2. We have a double root λ1,2pξq “ ´|ξ|
σ. The solutions and their derivative in
time to (2.4) are, respectively,








Transforming back to vpt, xq “ F´1ppvpt, ξqq there appear oscillating integrals estimated by using
Corollary 3 from [57].


















holds for any α P p0,8q, r P r1,8s, t ą 0 and for all dimensions n ě 1. The numbers a and c are,
respectively, supposed to be non-negative and positive.





























































































Analogously, in the further considerations we are not only interested in estimates for solutions but



































































σ }v1}Lm for t P r1,8q,





























À }v1}Haq for t P p0, 1s.




























w1pξq “: xK1pt, ξq pv1pξq.
We shall estimate the two terms xK1pt, ξq and BtxK1pt, ξq. Taking account of xK1pt, ξq the Newton-
Leibniz formula implies













































The application of Proposition 2.1.1 and Young’s convolution inequality from Proposition B.1.1 lead
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}v1}Haq À }v1}Haq .




















































































after carrying out the change of variables ξ “ ηt´
1
σ . This yields the following result.





































hold for any α P p0,8q, r P r1,8s, t ą 0 and for all dimensions n ě 1.
Firstly, to estimate xK1pt, ξq we apply
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σ }v1}Lm for t P r1,8q.



























































































































































































































































































































































À }v1}Haq for t P p0, 1s.













Summarizing, the proof to Theorem 2.1.1 is completed.
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Lm ´ Lq estimates
From the proof of Theorem 2.1.1 we have the following corollary.
Corollary 2.1.1. Let q P r1,8s be given and m P r1, qs. Then, the solutions to (2.3) satisfy the




































m , j “ 0, 1, for any a ě 0 and for all dimensions n ě 1.
2.2. A second Cauchy problem for linear structurally damped
σ-evolution models




2 ut “ 0, up0, xq “ u0pxq, utp0, xq “ 0, (2.5)
where µ ą 0 and σ ě 1. Applying the partial Fourier transformation to (2.5) we obtain the Cauchy





pu “ 0, pup0, ξq “xu0pξq, putp0, ξq “ 0. (2.6)
Lm X Lq ´ Lq and Lq ´ Lq estimates
In this section, we want to prove the following result.
Theorem 2.2.1. Let q P p1,8q be given and m P r1, qq. Then, the solutions to (2.5) satisfy the
































m , j “ 0, 1, for any a ě 0 and for all dimensions n ě 1.
Proof. Special case µ “ 2. The characteristic double root is λ1,2 “ ´|ξ|
σ. The representation of
solutions to (2.6) and their partial derivative in time are
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In the further considerations we are not only interested in estimates for solutions, but also in those









































































À }u0} 9Ha`σq À }u0}Ha`σq for t P p0, 1s.






























xu0pξq “: xK0pt, ξqxu0pξq.











































peλ2t ´ eλ1tq “ ´λ1λ2 xK1pt, ξq “ ´|ξ|
2σ
xK1pt, ξq,
where xK1pt, ξq is denoted as in the treatment of the first Cauchy problem. Therefore, we get













The application of Proposition 2.1.1 and Young’s convolution inequality from Proposition B.1.1 lead























































































































20 2. Linear structurally damped σ-evolution models with δ “ σ
2





























































































































































































































































































}u0}Ha`σq À }u0}Ha`σq .


















































The partial derivative in time is
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À }u0}Haq for t P p0, 1s.




















































































































À }u0} 9Ha`σq À }u0}Ha`σq for t P p0, 1s.













Summarizing, the proof of Theorem 2.2.1 is completed.
Lm ´ Lq estimates
From the proof of Theorem 2.2.1 we have the following corollary.
Corollary 2.2.1. Let q P r1,8s be given and m P r1, qs. Then, the solutions to (2.5) satisfy the




















m , j “ 0, 1, for any a ě 0 and for all dimensions n ě 1.
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2.3. A third Cauchy problem for linear structurally damped
σ-evolution models





2 ut “ 0, up0, xq “ u0pxq, utp0, xq “ u1pxq, (2.7)
with σ ě 1, µ ą 0. We may summarize the results from Sections 2.1 and 2.2 as follows:
Lm X Lq ´ Lq and Lq ´ Lq estimates
















































m , j “ 0, 1, for any a ě 0 and for all dimensions n ě 1.
Lm ´ Lq estimates
Corollary 2.3.1. Let q P r1,8s be given and m P r1, qs. Then, the solutions to (2.7) satisfy the

























m , j “ 0, 1, for any a ě 0 and for all dimensions n ě 1.
2.4. Comparison with known results
First, if we are interested in studying the special case of σ “ 1, in the paper [57] the authors obtained
L1 estimates for oscillating integrals to conclude the following Lm ´ Lq estimates not necessarily on
the conjugate line for Sobolev solutions:
}upt, ¨q}Lq À t
´np1´ 1r q}u0}Lm ` t
1´np1´ 1r q}u1}Lm ,




m . The decay rates for solutions produced from the results
in [57] are exactly the same as those in Corollary 2.3.1 with σ “ 1 and a “ j “ 0.
In the paper [11], the authors investigated L1 X Lq ´ Lq estimates for solutions and some of their
derivatives as well in the case δ “ σ2 with additional L







































for all non-negative constants a. We see that these results coincide with those in Theorem 2.3.1 if we
choose the parameter m “ 1.
Finally, we want to mention the paper [9] to emphasize some of recent estimates for solutions to

























for any q0, q1 ě 1, q P rmaxtq0, q1u,8s, a ě 0 and j P N. By choosing the values q0 “ q1 “ m



























These decay rates from the paper [9] are absolutely the same as those in Corollary 2.3.1.
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3. Linear structurally damped σ-evolution
models with δ P r0, σ2q
The main purpose of this chapter is to study linear structurally damped σ-evolution models of the
form
utt ` p´∆q
σu` µp´∆qδut “ 0, up0, xq “ u0pxq, utp0, xq “ u1pxq (3.1)
with σ ě 1, µ ą 0 and δ P r0, σ2 q. This is a family of structurally damped σ-evolution models
interpolating between models with friction or exterior damping δ “ 0 and those with a special damping
δ “ σ2 . Our goal is to obtain L
q ´ Lq estimates for solutions to (3.1) by assuming additional Lm
regularity for the data with m P r1, qq, where q P p1,8q is given.
To do this, let us explain our objectives and strategies as follows:
• By using the partial Fourier transformation we can reduce the partial differential equation to study
an ordinary differential equation parameterized by ξ.
• Main difficulties that we will cope within the case δ P p0, σ2 q are to derive L
1 ´ L1 estimates for
oscillating integrals appearing in the representation of solutions. For this reason, we will apply the
theory of modified Bessel funtions and Faà di Bruno’s formula.
• For the sake of the asymptotic behavior of the characteristic roots, we may obtain L8 estimates
for oscillating integrals. By an interpolation theorem, we also get Lr estimates with r P r1,8s for
oscillating integrals.
• Applying Young’s convolution inequality we may conclude Lm´Lq estimates with q P r1,8s and m P
r1, qs, Lm X Lq ´ Lq and Lq ´ Lq estimates with q P p1,8q and m P r1, qq for solutions to (3.1) in
the case δ P p0, σ2 q.
• In the case δ “ 0 (friction or external damping): An analogous way as we did in the case δ P p0, σ2 q
gives Lm ´ Lq estimates with q P r1,8s and m P r1, qs for small frequencies. For large frequencies,
we will apply the Mikhlin- Hörmander multiplier theorem to get Lq ´Lq estimates with q P p1,8q.
Then, we may conclude Lm X Lq ´ Lq and Lq ´ Lq estimates with q P p1,8q and m P r1, qq for
solutions to (3.1).
3.1. A first Cauchy problem for linear structurally damped
σ-evolution models
Let us consider the following family of parameter-dependent Cauchy problems:
utt ` p´∆q
σu` µp´∆qδut “ 0, ups, xq “ 0, utps, xq “ u1pxq, (3.2)
where s ě 0 is a fixed non-negative real parameter, σ ě 1, µ ą 0 and δ P p0, σ2 q. Thanks to the change
of variables tÑ t´ s, we have here in mind the following Cauchy problem:
vtt ` p´∆q
σv ` µp´∆qδvt “ 0, vp0, xq “ 0, vtp0, xq “ v1pxq. (3.3)
Lm X Lq ´ Lq and Lq ´ Lq estimates
In this section, we want to prove the following result.
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in (3.3), q P p1,8q and m P r1, qq. Then, the energy solutions to













































σ´δ }v1}LmXLq if t P r1,8q,







2δ´1q}v1}Lq if t P p0, 1s,












2δ´1q}v1}Lq if t P p0, 1s,
p1` tq1´
σ







2δ´1q}v1}Lq if t P p0, 1s,
p1` tq1´
δ
σ´δ }v1}Lq if t P r1,8q,




m and for all dimensions n ě 1.
As a consequence of Theorem 3.1.1 we conclude the following result.




in (3.2), q P p1,8q and m P r1, qq. Then, the energy solutions to













































σ´δ }u1}LmXLq if t P rs` 1,8q,







2δ´1q}u1}Lq if t P ps, s` 1s,












2δ´1q}u1}Lq if t P ps, s` 1s,
p1` t´ sq1´
σ









2δ }u1}Lq if t P ps, s` 1s,
p1` t´ sq1´
δ
σ´δ }u1}Lq if t P rs` 1,8q,




m and for all dimensions n ě 1.
Using partial Fourier transformation to (3.3) we obtain the Cauchy problem for pvpt, ξq :“ Fpvpt, xqq





pv “ 0, pvp0, ξq “ 0, pvtp0, ξq “ pv1pξq. (3.4)
We may choose without loss of generality µ “ 1 in (3.3). The characteristic roots are









3.1. A first Cauchy problem for linear structurally damped σ-evolution models 25




pv1pξq “: xK1pt, ξq pv1pξq.
Taking account of the cases of small and large frequencies separately we have
1. λ1 „ ´|ξ|
2pσ´δq, λ2 „ ´|ξ|
2δ, λ1 ´ λ2 „ |ξ|







2. λ1,2 „ ´|ξ|
2δ ˘ i|ξ|σ, λ1 ´ λ2 „ i|ξ|







Let χk “ χkp|ξ|q with k “ 1, 2, 3 be smooth cut-off functions having the following properties:
χ1p|ξ|q “
#
1 if |ξ| ď 4´
1
σ´2δ ,





1 if |ξ| ě 4
1
σ´2δ ,
0 if |ξ| ď 3
1
σ´2δ ,
and χ2p|ξ|q “ 1´ χ1p|ξ|q ´ χ3p|ξ|q.
We note that χ2p|ξ|q “ 1 if 3
´ 1σ´2δ ď |ξ| ď 3
1
σ´2δ and χ2p|ξ|q “ 0 if |ξ| ď 4
´ 1σ´2δ or |ξ| ě 4
1
σ´2δ . Let
us now decompose the solutions to (3.3) into three parts localized separately to low, middle and high
frequencies, that is,
vpt, xq “ vχ1pt, xq ` vχ2pt, xq ` vχ3pt, xq,
where





with k “ 1, 2, 3.
In order to estimate the Lq norms of solutions in (3.3) with additional Lm regularity of the data,




pt, xq with j “ 0, 1










The proof of Theorem 3.1.1 is divided into several steps as follows:
L1 estimates for small frequencies





















hold for all t ą 0.
Proof. Our approach is based on the paper [57]. In order to prove the above estimates for small
|ξ|, we can apply the modified Bessel functions, carry out partial integrations and perform change of
variables. According to a modification of Proposition 4 and Proposition 5 in [57], we have to study














We obtain some auxiliary estimates for small frequencies as follows:































hold for all t ą 0.
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In order to estimate xK1pt, ξq, we may re-write





























































Therefore, we may conclude the desired estimates in Proposition 3.1.1.
Following the approach of the proof of Proposition 3.1.1 we may prove the following statements.












1 if t P p0, 1s,
t´
a












1 if t P p0, 1s,
t´
a












1 if t P p0, 1s,
t´
a
2pσ´δq if t P r1,8q,
hold for any non-negative number a.












1 if t P p0, 1s,
t´
a












t if t P p0, 1s,
t1´
a
2pσ´δq if t P r1,8q,
hold for any non-negative number a.
L1 estimates for large frequencies
















2δ´1q if t P p0, 1s,
















2δ´1q if t P p0, 1s,
e´ct if t P r1,8q,
where c is a suitable positive constant.
In order to obtain the desired estimates for the norm of the Fourier multipliers localized to large
frequencies, we re-write



























3.1. A first Cauchy problem for linear structurally damped σ-evolution models 27
and
















Hence, it seems to be reasonable to divide the proof into two steps. In the first step we derive



















where β ě 0, c1 is a positive constant and c2 ‰ 0 is a real constant. Then, we estimate the two




















































2δ if t P p0, 1s,
e´ct if t P r1,8q,
where β ě 0 and c is a suitable positive constant. Moreover, c1 is a positive constant and c2 ‰ 0 is a
real constant.
Proof. We follow ideas from the proof of Proposition 4 in [57]. Many steps in our proof are similar
to those from Proposition 4 devoting to small frequencies, nevertheless we will present the proof in
detail to feel changes related to our interest for large frequencies. Let us divide the proof into two
cases: t P r1,8q and t P p0, 1s. First, in order to treat the first case t P r1,8q, we localize to small
|x| ď 1. Then, we obtain immediately the exponential decay. For this reason, we assume now |x| ě 1.
We introduce the function







Since the functions in the parenthesis are radially symmetric with respect to ξ, the inverse Fourier
transform is radially symmetric with respect to x, too. Using the modified Bessel functions we get
















as in [57], we carry out m` 1 steps of partial integration to obtain
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on the support of χ3 and on the support of its derivatives. By splitting of the integral (3.7) into two






















for some constant c ą 0. On the other hand, we can carry out one more step of partial integration in






















































































Therefore, from (3.6) to (3.9) we have produced terms |x|´pn`2δq and |x|´pn`1q which guarantee the















À e´ct for some c ą 0.
Let us consider even spatial dimensions n “ 2m,m ě 1 in the first case t P r1,8q. Carrying out



































Applying the first rule of the modified Bessel functions for µ “ 1 and the fifth rule for µ “ 0 from
Proposition B.3.2, after two more steps of partial integration we have
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on the support of χ3. Now using the estimate |J̃0psq| ď Cs´
1















































for some constant c ą 0. Therefore, from (3.11) and (3.12) we have
}I0pt, ¨q}L1p|x|ě1q À e
´ct for all t P r1,8q, and some constant c ą 0.
Let j P r1,m ´ 1s be an integer. By using again the first rule of the modified Bessel functions for
µ “ 1 and the fifth rule for µ “ 0 from Proposition B.3.2 and carrying out partial integration, we may
re-write Ijpt, xq in (3.10) as follows:


































Applying an analogous treatment as we did for I0 “ I0pt, xq implies
}Ijpt, ¨q}L1p|x|ě1q À e
´ct for all t P r1,8q and j “ 1, ¨ ¨ ¨ ,m´ 1,
where c is a suitable positive constant. Therefore, we have the following desired estimates for all















À e´ct for some constant c ą 0.
Let us turn to the second case t P p0, 1s. By the change of variables ξ “ t´
1




























































For this reason, we only need to study the Fourier multipliers in the form











First, we localize to small |x| ď 1. Then, we derive immediately
}Hpt, ¨q}L1p|x|ď1q À t
1´ σ2δ .
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We assume now |x| ě 1. Using the modified Bessel functions we shall estimate












Let us consider odd spatial dimensions n “ 2m`1,m ě 1. Then, carrying out m`1 steps of partial





































ˆ rj`k`2β´σ sinpr|x|qdr. (3.14)









if j “ 0,
e´c1r
2δ
pr2δ´j ` rjp2δ´1qq À e´c1r
2δ




















2δ qj´1 if j “ 1, ¨ ¨ ¨ ,m.

























































2δ qk`j´1 if k “ 1, ¨ ¨ ¨ ,m,
where we also note that |ξ| P r1,8q, that is, r P rt
1
2δ ,8q and rt´
1
2δ ě 1. Now, let us devote to k “ 0.
By splitting the integral in (3.14) into two parts, on the one hand we obtain the following estimate
for t
1
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Hence, from (3.14) to (3.18) we have produced terms |x|´pn`2δ`2βq and |x|´pn`
1
2 q which guarantee





















Let us consider even spatial dimensions n “ 2m,m ě 1. Carrying out m ´ 1 steps of partial









































Using the first rule of the modified Bessel functions for µ “ 1 and the fifth rule for µ “ 0 from



















































2δ qj´1pr2δ`2β´j ` r2β´jq
on the support of χ3pt



























2δ qpr2δ`2β´1 ` r2β´1q.
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since r2δ´σ ď t1´
σ



















Moreover, we use |J̃0psq| ď Cs´
1




























































































































Hence, from (3.19) and (3.20) we have produced terms |x|´pn`
1
4 q and |x|´pn`σ´2δ`2βq which guar-
antee the L1 property in x. Summarizing, we arrive at the estimate
}I0pt, ¨q}L1p|x|ě1q À t
2p1´ σ2δ q for all t P p0, 1s.
Let j P r1,m´ 1s be an integer. Then, repeating the above arguments we also derive for t P p0, 1s
}Ijpt, ¨q}L1p|x|ě1q À t
pj`2qp1´ σ2δ q.




















Summarizing, the proof of Lemma 3.1.3 is completed.
Remark 3.1.1. In the proof of Lemma 3.1.3 we explained our considerations for n ě 2. Nevertheless,
repeating the steps of the proof for odd spatial dimensions we conclude that the statements of this
lemma also hold for n “ 1. Here in the latter case we notice that we only carry out partial integration
with no necessity to introduce the vector field Xfprq as we did in (3.6) and (3.14).
Following the proof of Lemma 3.1.3 we may conclude the following L1 estimates, too.























δ if t P p0, 1s,
e´ct if t P r1,8q,
where β ě 0 and c is a suitable positive constant. Moreover, c1 is a positive constant and c2 ‰ 0 is a
real constant.
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Remark 3.1.2. Here we want to underline that all the statements in Lemma 3.1.4 remain valid for
any 2β ě ´σ.
Finally, we consider oscillating integrals with a more complicated oscillating integrand. We are
going to prove the following result.





























2δ if t P p0, 1s,








β ě 0 and c is a suitable positive constant. Moreover, c1 is a positive constant and c2 ‰ 0 is a real
constant.
Proof. The proof of this lemma is similar to that of Lemma 3.1.3. For this reason, we only present
the steps which are different. Then, we shall repeat some of the arguments as we did in the proof of
Lemma 3.1.3 to conclude the desired estimates.
First, let us consider |x| ě 1 and t P r1,8q. In order to obtain exponential decay estimates in both
cases of odd spatial dimensions n “ 2m` 1 and even spatial dimensions n “ 2m with m ě 1, we shall























Indeed, we shall apply Faà di Bruno’s formula as a main tool. We divide the proof of the above
estimates into several sub-steps as follows:
Step 1: Applying Proposition B.4.1 with hpsq “
?

































ď gprq ď 1 for r ě 1
¯
.











À r´k for k “ 1, ¨ ¨ ¨ ,m. (3.21)




























































r´kpt rσqm1`¨¨¨`mk À tkrkpσ´1q. (3.22)
34 3. Linear structurally damped σ-evolution models with δ P r0, σ
2
q















À tkrkpσ´1q for k “ 1, ¨ ¨ ¨ ,m.
Next, let us turn to the case |x| ě 1 and t P p0, 1s. In order to prove the desired estimates by using
similar ideas as in the proof of Lemma 3.1.3, we need to assert the following auxiliary estimates on
the support of χ3pt































Indeed, we shall divide our proof into several sub-steps as follows:
Step 1: Applying Proposition B.4.1 with hpsq “
?
s and gprq “ 1´ 14 t
σ´2δ




































































À r´k for k “ 1, ¨ ¨ ¨ ,m. (3.23)























































































































for k “ 1, ¨ ¨ ¨ ,m.
Summarizing, the proof of Lemma 3.1.5 is completed.
Following the steps of the proof of Lemma 3.1.5 we may prove the following statement, too.



























δ if t P p0, 1s,
e´ct if t P r1,8q,








β ě 0 and c is a suitable positive constant. Moreover, c1 is a positive constant and c2 ‰ 0 is a real
constant.
Remark 3.1.3. Here we want to underline that all the statements in Lemma 3.1.6 remain valid for
any 2β ě ´σ.
Proof of Proposition 3.1.3. In order to prove the first statement, we replace β “ δ and β “ 0, respec-
tively, in Lemmas 3.1.5 and 3.1.6. Then, plugging β “ 0 in Lemma 3.1.5 we may conclude the second
statement. Therefore, this completes our proof.
Following the approach of the proof of Proposition 3.1.3 we may prove the following statements.


















2δ if t P p0, 1s,


















2δ if t P p0, 1s,
e´ct if t P r1,8q,
where c is a suitable positive constant and for any non-negative number a.




































































By choosing the values 2β “ a ` 2δ and 2β “ a in Lemma 3.1.5 and 3.1.6, respectively, we may
prove the first statement. Moreover, replacing 2β “ a in Lemma 3.1.5 we may conclude the second
statement. This completes our proof.
Remark 3.1.4. Here we want to underline that the first statement in Proposition 3.1.4 remains valid
for any a ě ´2δ.
Estimates for middle frequencies
Now let us turn to consider some estimates for Fourier multipliers localized to middle frequencies,
where 3´
1
σ´2δ ă |ξ| ă 3
1
σ´2δ . Our goal is to derive exponential decay estimates for suitable localized
Fourier multipliers.









































where c is a suitable positive constant and for any non-negative number a.
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Proof. At first, with 3´
1
σ´2δ ă |ξ| ă 3
1
σ´2δ we use Cauchy’s integral formula to re-write the above
































is not a singular set because we may give equivalent
formulas as follows:










Therefore, it is reasonable to assume λ1 ‰ λ2. Since 3
´ 1σ´2δ ă |ξ| ă 3
1
σ´2δ , this curve additionally
is contained in tz P C : Re z ď ´cu, where c is a positive constant. In order to verify (3.25), we
express
pz ` |ξ|2δqezt
z2 ` |ξ|2δz ` |ξ|2σ
“
pz ` |ξ|2δqezt




















































eλ2tχ2p|ξ|q “ xK0pt, ξqχ2p|ξ|q.
Here we split the curve Γ into two closed sub-curves separately Γ1 and Γ2 containing λ1 and λ2,
respectively. In the same way we may conclude the relation (3.26). Now, taking account of estimates



















































































σ´2δ ă |ξ| ă 3
1
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Summarizing, the proof of Proposition 3.1.5 is completed.
From the statements of Proposition 3.1.1, Proposition 3.1.3 and Proposition 3.1.5 we may conclude
the following L1 estimates.
















2δ´1q if t P p0, 1s,
















2δ´1q if t P p0, 1s,
t if t P r1,8q.
Finally, from the statements of Proposition 3.1.2, Proposition 3.1.4 and Proposition 3.1.5, we may
conclude the following L1 estimates.


















2δ if t P p0, 1s,
t´
a


















2δ if t P p0, 1s,
t1´
a
2pσ´δq if t P r1,8q,
for any non-negative number a.
L8 estimates












1 if t P p0, 1s,
t´
n
























t if t P p0, 1s,
t1´
n












2δ for all t P p0,8q.
Proof. First let us turn to estimate the above terms for small frequencies. For the sake of the asymp-
totic behavior of the characteristic roots, we re-write xK1pt, ξq for small |ξ| as follows:










Hence, we arrive at |xK1pt, ξq| À te
























t if t P p0, 1s,
t1´
n
2pσ´δq if t P r1,8q.
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Moreover, for small |ξ| we can see that xK0pt, ξq “ ´λ1 xK1pt, ξq`e
λ1t. Since |xK1pt, ξq| À te
´|ξ|2pσ´δqt,
we get for small frequencies the estimate




























1 if t P p0, 1s,
t´
n
2pσ´δq if t P r1,8q.
Let us turn to consider the term xK0pt, ξq for large |ξ|. Thanks to the asymptotic behavior of the




































2δ for all t P p0,8q.




pt, xq| for all t P p0,8q, we recall for
large values of |ξ| the relation



































Summarizing, Proposition 3.1.8 is proved.
From Proposition 3.1.5 and Proposition 3.1.8 the following statement follows immediately.














2δ if t P p0, 1s,
t´
n














2δ if t P p0, 1s,
t1´
n
2pσ´δq if t P r1,8q.
Finally, following the approach of the proof of Proposition 3.1.8 we may prove the following state-
ments.












1 if t P p0, 1s,
t´
n`a
























t if t P p0, 1s,
t1´
n`a












2δ for all t P p0,8q,
for any non-negative number a.
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2δ if t P p0, 1s,
t´
n`a














2δ if t P p0, 1s,
t1´
n`a
2pσ´δq if t P r1,8q,
for any non-negative number a.
Lr estimates
By applying an interpolation theorem, from the statements of Propositions 3.1.6 and 3.1.9 we may
conclude the following Lr estimates.






















































r q if t P r1,8q,
for all r P r1,8s.
From the statements of Propositions 3.1.7 and 3.1.11, by applying an interpolation theorem we may
conclude the following Lr estimates.






























































2pσ´δq if t P r1,8q,
for all r P r1,8s and any non-negative number a.
Proof of Theorem 3.1.1. In order to obtain pLm X Lqq ´ Lq estimates, we estimate the Lq norm of
the low-frequency part of solutions by the Lm norm of the data, whereas their high-frequency and
middle-frequency parts are estimated by using Lq ´ Lq estimates. Thanks to Proposition 3.1.2 and






































2pσ´δq if t P r1,8q,
for all r P r1,8s and any non-negative number a. Applying Young’s convolution inequality from
















































2δ´1q}v1}Lq if t P p0, 1s,
e´ct}v1}Lq if t P r1,8q,
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2δ´1q}v1}Lq if t P p0, 1s,
e´ct}v1}Lq if t P r1,8q,



















2pσ´δq }v1}LmXLq if t P r1,8q.
Now let us turn to estimate the norm }vtpt, ¨q}Lq . We rewrite
BtxK1pt, ξq “ xK0pt, ξq ` pλ1 ` λ2qxK1pt, ξq “ xK0pt, ξq ´ |ξ|
2δ
xK1pt, ξq.






















































}v1}Lm if t P r1,8q,
À
#





































































}v1}Lq if t P p0, 1s,







2δ´1q}v1}Lq if t P p0, 1s,
e´ct}v1}Lq if t P r1,8q,














σ´δ }v1}LmXLq if t P r1,8q.
Summarizing, the proof of Theorem 3.1.1 is completed.
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Lm ´ Lq estimates
From the proof of Theorem 3.1.1 and the statements of Proposition 3.1.13 we have the following
corollary.




in (3.3), q P r1,8s and m P r1, qs. Then, the energy solutions to

































































σ´δ }v1}Lm if t P r1,8q,

































































σ´δ }u1}Lm if t P rs` 1,8q,




m and for all dimensions n ě 1.
3.2. A second Cauchy problem for linear structurally damped
σ-evolution models
Let us turn to the following Cauchy problem:
utt ` p´∆q
σu` µp´∆qδut “ 0, up0, xq “ u0pxq, utp0, xq “ 0, (3.27)
where σ ě 1, µ ą 0 and δ P p0, σ2 q.
Lm X Lq ´ Lq and Lq ´ Lq estimates
In this section, we are going to prove the following result.




in (3.27), q P p1,8q and m P r1, qq. Then, the energy solutions to













































σ´δ }u0}LmXHσq if t P r1,8q,
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2δ´1q}u0}Lq if t P p0, 1s,












2δ´1q}u0}Hσq if t P p0, 1s,
p1` tq´
σ







2δ´1q}u0}Hσq if t P p0, 1s,
p1` tq´
δ
σ´δ }u0}Hσq if t P r1,8q,




m and for all dimensions n ě 1.
Proof. Applying the partial Fourier transformation to (3.27) we obtain the Cauchy problem for





pu “ 0, pup0, ξq “xu0pξq, putp0, ξq “ 0. (3.28)
We may choose without loss of generality µ “ 1 in (3.27). The characteristic roots are















xu0pξq “: xK0pt, ξqxu0pξq.
Taking account of the cases of small and large frequencies separately we have
1. λ1 „ ´|ξ|
2pσ´δq, λ2 „ ´|ξ|
2δ, λ1 ´ λ2 „ |ξ|
2δ for small |ξ| P p0, 4´
1
σ´2δ q,
2. λ1,2 „ ´|ξ|
2δ ˘ i|ξ|σ, λ1 ´ λ2 „ i|ξ|
σ for large |ξ| P p4
1
σ´2δ ,8q.
As in Section 3.1, we now decompose the solution to (3.27) into three parts localized separately to
low, middle and high frequencies, that is,
upt, xq “ uχ1pt, xq ` uχ2pt, xq ` uχ3pt, xq,
where





with k “ 1, 2, 3.
In order to obtain pLmXLqq ´Lq estimates, we estimate the Lq norm of the low-frequency part of
solutions by the Lm norm of the data, whereas their high-frequency and middle-frequency parts are






































2pσ´δq if t P r1,8q,
for all r P r1,8s and any non-negative number a. Applying Young’s convolution inequality from
















































2δ´1q}u0}Lq if t P p0, 1s,
e´ct}u0}Lq if t P r1,8q,
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r q}u0}LmXLq if t P r1,8q.











































































if t P p0, 1s,
e´ct}u0} 9Hσq







2δ´1q}u0}Hσq if t P p0, 1s,
e´ct}u0}Hσq if t P r1,8q,



















2pσ´δq }u0}LmXHσq if t P r1,8q.
Finally, let us turn to estimate the norm }utpt, ¨q}Lq . We rewrite
BtxK0pt, ξq “ ´λ1λ2 xK1pt, ξq “ ´|ξ|
2σ
xK1pt, ξq.































σ´δ }u0}Lm if t P r1,8q,
À
#














































if t P p0, 1s,
e´ct}u0} 9Hσq







2δ´1q}u0}Hσq if t P p0, 1s,
e´ct}u0}Hσq if t P r1,8q,














σ´δ }u0}LmXHσq if t P r1,8q.
Summarizing, the proof of Theorem 3.2.1 is completed.
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Lm ´ Lq estimates
From the proof of Theorem 3.2.1 and the statements of Proposition 3.1.13 we have the following
corollary.




in (3.27), q P r1,8s and m P r1, qs. Then, the energy solutions to



































































σ´δ }u0}Lm if t P r1,8q,




m and for all dimensions n ě 1.
3.3. A third Cauchy problem for linear structurally damped
σ-evolution models
In this section, let us consider the Cauchy problem for structurally damped σ-evolution models in the
form
utt ` p´∆q
σu` µp´∆qδut “ 0, up0, xq “ u0pxq, utp0, xq “ u1pxq, (3.29)
with σ ě 1, µ ą 0 and δ P p0, σ2 q.
We may summarize the results from Sections 3.1 and 3.2 as follows:
Lm X Lq ´ Lq and Lq ´ Lq estimates




in (3.29), q P p1,8q and m P r1, qq. Then, the energy solutions to























































































σ´δ }u1}LmXLq if t P r1,8q,










2δ´1q}u1}Lq if t P p0, 1s,
















if t P p0, 1s,
p1` tq´
σ
2pσ´δq }u0}Hσq ` p1` tq











if t P p0, 1s,
p1` tq´
δ
σ´δ }u0}Hσq ` p1` tq
1´ δσ´δ }u1}Lq if t P r1,8q,




m and for all dimensions n ě 1.
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We may prove similar estimates to those in Theorem 3.3.1. Namely for any a ě 0, we have the
following further results.




in (3.29), q P p1,8q and m P r1, qq. Then, the Sobolev solutions to























































































2pσ´δq }u1}LmXHaq if t P r1,8q,























if t P p0, 1s,
p1` tq´
a





















if t P p0, 1s,
p1` tq´
a`2δ
2pσ´δq }u0}Ha`σ,q ` p1` tq
1´ a`2δ2pσ´δq }u1}Haq if t P r1,8q,




m and all dimensions n ě 1.
Proof. In order to estimate some partial derivatives of solutions, we use a suitable regularity of the
data u0 and u1 depending on the order of a. Then, repeating an analogous treatment as we did in
the proofs of Theorems 3.1.1 and 3.2.1 we may conclude all the desired estimates.
For space dimensions n ą 2δ we obtain the following better estimates for solutions to (3.29).




in (3.29), q P p1,8q and m P r1, qq. Then, the energy solutions to

























































































σ´δ }u1}LmXLq if t P r1,8q,










2δ´1q}u1}Lq if t P p0, 1s,
















if t P p0, 1s,
p1` tq´
σ
2pσ´δq }u0}Hσq ` p1` tq











if t P p0, 1s,
p1` tq´
δ
σ´δ }u0}Hσq ` p1` tq
1´ δσ´δ }u1}Lq if t P r1,8q,




m and the constraint condition to the space dimension n ą 2δ.
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in Proposition 3.1.8 to obtain a better estimate. Namely, because of the asymptotic behavior of the
















































t if t P p0, 1s,
t1´
n`2pσ´2δq`a
2pσ´δq if t P r1,8q.






































2pσ´δq if t P r1,8q,
for all r P r1,8s and any non-negative number a. Then, repeating an analogous approach to prove
the statements of Theorems 3.1.1 and 3.2.1 we may conclude all the desired estimates.
Lm ´ Lq estimates




in (3.29), q P r1,8s and m P r1, qs. Then, the energy solutions to



















































































































































σ´δ }u1}Lm if t P r1,8q,




m and for all dimensions n ě 1.
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3.4. Linear σ-evolution models with friction or external damping
The main purpose of this section is to study the σ-evolution models with friction or external damping
in the following form:
utt ` p´∆q
σu` ut “ 0, up0, xq “ u0pxq, utp0, xq “ u1pxq (3.30)
with σ ě 1. Our goal is to obtain Lq ´ Lq estimates for solutions to (3.30) assuming additional Lm
regularity for the data with m P r1, qq, where q P p1,8q is given.
Using partial Fourier transformation to (3.30) we obtain the Cauchy problem for pupt, ξq :“ Fpupt, xqq,
xu0pξq :“ Fpu0pxqq and xu1pξq :“ Fpu1pxqq as follows:
putt ` put ` |ξ|
2σ
pu “ 0, pup0, ξq “xu0pξq, putp0, ξq “xu1pξq. (3.31)
The characteristic roots are


















xu1pξq “: xK0pt, ξqxu0pξq ` xK1pt, ξqxu1pξq.
Taking account of the cases of small and large frequencies separately we have








and λ1 „ ´|ξ|
2σ, λ2 „ ´1, λ1 ´ λ2 „ 1 for |ξ| P p0, 4
´ 1σ q,








and λ1,2 „ ´1˘ i|ξ|
σ, λ1 ´ λ2 „ i|ξ|
σ for |ξ| P p4
1
σ ,8q.
Let χk “ χkp|ξ|q with k “ 1, 2, 3 be smooth cut-off functions having the following properties:
χ1p|ξ|q “
#
1 if |ξ| ď 4´
1
σ ,





1 if |ξ| ě 4
1
σ ,
0 if |ξ| ď 3
1
σ ,
and χ2p|ξ|q “ 1´ χ1p|ξ|q ´ χ3p|ξ|q.
We note that χ2p|ξ|q “ 1 if 3
´ 1σ ď |ξ| ď 3
1
σ and χ2p|ξ|q “ 0 if |ξ| ď 4
´ 1σ or |ξ| ě 4
1
σ . Let us
now decompose the solutions to (3.30) into three parts localized separately to low, middle and high
frequencies, that is,
upt, xq “ uχ1pt, xq ` uχ2pt, xq ` uχ3pt, xq,
where





with k “ 1, 2, 3.
Lm ´ Lq estimates for small frequencies
Following the approach of the proof of Proposition 3.1.2 we obtain the following L1 estimates for small
frequencies.












1 if t P p0, 1s,
t´
a












t if t P p0, 1s,
t1´
a
2σ if t P r1,8q,
hold for any non-negative number a.
Following the approach of the proof of Proposition 3.1.10 we obtain the following L8 estimates for
small frequencies.
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1 if t P p0, 1s,
t´
n`a












t if t P p0, 1s,
t1´
n`a
2σ if t P r1,8q,
for any non-negative number a.
By interpolation theorem, from the statements of Propositions 3.4.1 and 3.4.2 we may conclude the
following Lr estimates for small frequencies.

































for all r P r1,8s and any non-negative number a.
Finally, we can conclude the following result.
Theorem 3.4.1. Let q P r1,8s and m P r1, qs. Then, the Sobolev solutions to (3.30) satisfy the








































m and for all a ě 0.
Proof. In order to prove the first statement, we apply Young’s convolution inequality from Proposition
B.1.1 as we did in the proofs of Theorems 3.1.1 and 3.2.1 and use the statements in Proposition 3.4.3.
Taking account of some estimates related to derivative in time we note that
BtxK0pt, ξq “ ´|ξ|
2σ
xK1pt, ξq and BtxK1pt, ξq “ xK0pt, ξq ´ xK1pt, ξq.
Then, applying again Young’s convolution inequality from Proposition B.1.1 and Proposition 3.4.3,
we may conclude the second statement. Hence, the proof of Theorem 3.4.1 is completed.
Lq ´ Lq estimates for large frequencies
First we recall that the characteristic roots are








for large |ξ|. We re-write xK0pt, ξq and xK1pt, ξq as follows:
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We shall prove the following results.















































According to view of the Mikhlin- Hörmander multiplier theorem in [9] and [49] and its applications
of the Fourier multipliers, in order to Theorem 3.4.2, we need to show the following auxiliary estimates.

























































































































































































for all α, for any b P R, j ě 0 and t ą 0.
Proof. In order to prove all statements in Lemma 3.4.1, we shall apply Lemma B.6.2 and Leibniz rule
for multivariable calculus. Indeed, we will indicate the proof of the above estimates as follows:
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To (3.34): Applying Lemma B.6.2 with hpsq “ s
1














































































To (3.35): Applying Lemma B.6.2 with hpsq “ sp and fpξq “
b












































































To (3.36): Applying Lemma B.6.2 with hpsq “ cospstq and fpξq “
b















































































To (3.37): In the same argument as we did in (3.36), we can conclude (3.37).
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To (3.38): Combining (3.35), (3.36) we can conclude (3.38) by using the Leibniz rule.
To (3.39): Combining (3.35), (3.37) we can conclude (3.39) by using the Leibniz rule.
To (3.40): Combining (3.33), (3.38) we can conclude (3.40) by using the Leibniz rule.
To (3.41): Combining (3.33), (3.39) we can conclude (3.41) by using the Leibniz rule.































































































À e´ct}u0} 9Ha`jσ`s0q À e
´ct}u0}Ha`jσ`s0q .
Now in order to estimate Ksin0 and some of its partial derivatives, we will divide our considerations
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Summarizing, the proof to Proposition 3.4.4 is completed.
From the statements in Proposition 3.4.4 we obtain immediately the following result.
























ˇ, for any t ą 0, a ě 0, integer j ě 0 and a suitable positive constant c.
Lq ´ Lq estimates for middle frequencies
Now let us turn to consider some estimates for middle frequencies, where 3´
1
σ ď |ξ| ď 3
1
σ . Our goal
is to derive the exponential decay for solutions and some of their derivatives to (3.30).










for any t ą 0, a ě 0, integer j ě 0 and a suitable positive constant c.





















































À e´ct}pu0, u1q}Lq .
Summarizing, the proof to Theorem 3.4.3 is completed.
Finally, from the statements in Theorems 3.4.1, 3.4.2 and 3.4.3 we conclude the following result.
Theorem 3.4.4. Let q P p1,8q and m P r1, qq. Then, the Sobolev solutions to (3.30) satisfy the






























































2σ }u0}Hs0`σ`aq ` p1` tq
1´ a2σ }u1}Hs0`aq ,
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3.5. Comparison with known results
In this section, we explain some comparisons between the above obtained estimates and known results.
3.5.1. The case δ P p0, σ
2
q
First if we are interested in studying the special case of σ “ 1 and δ P p0, 12 q, in the paper [57] the
authors obtained L1 estimates for oscillating integrals to conclude Lm ´ Lq estimates not necessarily



























r q}u0}Lm ` t
1´n`2´4δ2p1´δq p1´
1
r q}u1}Lm if t P r1,8q,




m . Here the authors took into considerations the connection
to Fourier multipliers appearing for wave models. The decay rates for solutions produced from the
results of [57] are somehow better than those in Corollary 3.3.1 with σ “ 1 and δ P p0, 12 q. However,
these decay rates are almost the same if we consider the case of sufficiently large space dimensions n.
In the paper [11], the authors investigated L1 X L2 ´ L2 estimates for solutions and some of their
derivatives as well in the case δ P p0, σ2 q with additional L
1 regularity for the data as follows:
}upt, ¨q}L2 À p1` tq
´ n4pσ´δq }u0}L1XL2 ` p1` tq








4pσ´δq }u0}L1XHσ ` p1` tq
1´ n`2σ4pσ´δq }u1}L1XL2 ,
}utpt, ¨q}L2 À p1` tq
´
n`4δ
4pσ´δq }u0}L1XHσ ` p1` tq
1´ n`4δ4pσ´δq }u1}L1XL2 ,
for all space dimensions n. Moreover, in [11] there are other sharper results under a restriction to the





4pσ´δq }u0}L1XL2 ` p1` tq
´
n´4δ
4pσ´δq }u1}L1XL2 if n ą 4δ,
p1` tq´
n








4pσ´δq }u0}L1XHσ ` p1` tq
´
n`2σ´4δ
4pσ´δq }u1}L1XL2 if n ě 4δ,
}utpt, ¨q}L2 À p1` tq
´ n4pσ´δq´1}u0}L1XHσ ` p1` tq
´
n´4δ
4pσ´δq´1}u1}L1XL2 if n ě 4δ.
We see that these results coincide with those in Theorem 3.3.1 if we only consider large t under
the choice of parameters m “ 1 and q “ 2 for all space dimensions n. Nevertheless, the authors
considered L1 X L2 ´ L2 estimates by using Parseval’s formula. For this reason, some results in the
paper [11] with a restriction to the space dimensions n ě 4δ are obviously somehow better than those
in Theorem 3.3.3 under the assumption of space dimensions n ą 2δ.
Finally, we want to mention the paper [9] to emphasize some of recent estimates for solutions to
























































for 1 ă qj ď q ă 8, j “ 0, 1 with some positive constant c, where










if 2 ď qj ,




2 if q ď 2.
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q
By choosing the values q0 “ q1 “ m in (3.42) and q0 “ q1 “ q in (3.43), respectively, we may
conclude the following estimates:
}uχ1pt, ¨q}Lq À p1` tq
´ n2pσ´δq p1´
1























}Btuχ1pt, ¨q}Lq À p1` tq
´ n2pσ´δq p1´
1






























































The authors of [9] found an explicit way to obtain Lp´Lq estimates for solutions and some of their
partial derivatives by using the Mikhlin-Hörmander multiplier theorem for kernels localized to high
frequencies. Moreover, the choice of two entire numbers σ P Nzt0u and δ P N in [9] is important to
prove blow-up results. The decay rates from the paper [9] are almost the same as those in Theorem
3.3.1 if we consider the case of sufficiently large space dimensions n.
3.5.2. The case δ “ 0
We can see that the decay rates from Theorem 3.4.4 are exactly the same as those from Propositions
4.1 and 4.2 in the paper [9].
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4. Linear structurally damped σ-evolution
models with δ P pσ2 , σs
The main purpose of this chapter is to study the linear structurally damped σ-evolution models of
the form
utt ` p´∆q
σu` µp´∆qδut “ 0, up0, xq “ u0pxq, utp0, xq “ u1pxq (4.1)
with σ ě 1, µ ą 0 and δ P pσ2 , σs. This is a family of structurally damped σ-evolution models
interpolating between models with a special damping δ “ σ2 and those with visco-elastic type damping
δ “ σ. Our goal is to obtain Lq ´ Lq estimates for solutions to (4.1) by assuming additional Lm
regularity for the data with m P r1, qq, where q P p1,8q is given.
To do this, let us explain our objectives and strategies as follows:
• By using the partial Fourier transformation we can reduce the partial differential equation to study
an ordinary differential equation parameterized by ξ.
• Main difficulties that we will cope within the case δ P pσ2 , σq are to derive L
1 ´ L1 estimates for
oscillating integrals appearing in the representation of solutions. For this reason, we will apply the
theory of modified Bessel funtions and Faà di Bruno’s formula.
• For the sake of the asymptotic behavior of the characteristic roots, we may obtain L8 estimates
for oscillating integrals. By an interpolation theorem, we also get Lr estimates with r P r1,8s for
oscillating integrals.
• Applying Young’s convolution inequality we may conclude Lm´Lq estimates with q P r1,8s and m P
r1, qs, Lm X Lq ´ Lq and Lq ´ Lq estimates with q P p1,8q and m P r1, qq for solutions to (4.1) in
the case δ P pσ2 , σq.
• In the case δ “ σ (visco-elastic damping): Following an analogous way as we did in the case
δ P pσ2 , σq implies L
m ´ Lq estimates with q P r1,8s and m P r1, qs for small frequencies. For large
frequencies, we will apply the Mikhlin- Hömander multiplier theorem to get Lq´Lq estimates with
q P p1,8q. Then, we may conclude LmXLq´Lq and Lq´Lq estimates with q P p1,8q and m P r1, qq
for solutions to (4.1).
4.1. A first Cauchy problem for linear structurally damped
σ-evolution models
Let us consider the following family of parameter-dependent Cauchy problems:
utt ` p´∆q
σu` µp´∆qδut “ 0, ups, xq “ 0, utps, xq “ u1pxq, (4.2)
where s ě 0 is a fixed non-negative real parameter, σ ě 1, µ ą 0 and δ P pσ2 , σq. Thanks to the change
of variables tÑ t´ s, we have here in mind the following Cauchy problem:
vtt ` p´∆q
σv ` µp´∆qδvt “ 0, vp0, xq “ 0, vtp0, xq “ v1pxq. (4.3)
Lm X Lq ´ Lq and Lq ´ Lq estimates
In this section, we want to prove the following result.
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in (4.3), q P p1,8q and m P r1, qq. Then, the energy solutions to
(4.3) satisfy the pLm X Lqq ´ Lq estimates






















































and the Lq ´ Lq estimates
































m and for all dimensions n ě 1.
As a consequence of Theorem 4.1.1 we may conclude the following theorem.





in (4.2), q P p1,8q and m P r1, qq. Then, the energy solutions to
(4.2) satisfy the pLm X Lqq ´ Lq estimates






















































and the Lq ´ Lq estimates
































m and for all dimensions n ě 1.
Using partial Fourier transformation to (4.3) we obtain the Cauchy problem for pvpt, ξq :“ Fpvpt, xqq





pv “ 0, pvp0, ξq “ 0, pvtp0, ξq “ pv1pξq. (4.4)
We may choose without loss of generality µ “ 1 in (4.3). The characteristic roots are













pv1pξq “: xK1pt, ξq pv1pξq.
Taking account of the cases of small and large frequencies separately we have
1. λ1,2 „ ´|ξ|
2δ ˘ i|ξ|σ, λ1 ´ λ2 „ i|ξ|
σ for small |ξ| P p0, 4´
1
2δ´σ q,
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2. λ1 „ ´|ξ|
2pσ´δq, λ2 „ ´|ξ|
2δ, λ1 ´ λ2 „ |ξ|
2δ for large |ξ| P p4
1
2δ´σ ,8q.
Let χk “ χkp|ξ|q with k “ 1, 2, 3 be smooth cut-off functions having the following properties:
χ1p|ξ|q “
#
1 if |ξ| ď 4´
1
2δ´σ ,





1 if |ξ| ě 4
1
2δ´σ ,
0 if |ξ| ď 3
1
2δ´σ ,
and χ2 “ 1´ χ1p|ξ|q ´ χ3p|ξ|q.
We note that χ2p|ξ|q “ 1 if 3
´ 12δ´σ ď |ξ| ď 3
1
2δ´σ and χ2p|ξ|q “ 0 if |ξ| ď 4
´ 12δ´σ or |ξ| ě 4
1
2δ´σ .
Let us now decompose the solutions to (4.3) into three parts localized separately to low, middle and
high frequencies, that is,
vpt, xq “ vχ1pt, xq ` vχ2pt, xq ` vχ3pt, xq,
where





with k “ 1, 2, 3.
In order to estimate the Lq norms of solutions in (4.3) with additional Lm regularity of the data,




pt, xq with j “ 0, 1










The proof of Theorem 4.1.1 is divided into several steps as follows:
L1 estimates for small frequencies


































2δ q if t P r1,8q.
To derive the desired estimates for the norm of the Fourier multipliers localized to small frequencies,
we write











































For this reason, we will split our proof into two steps. In the first step we derive L1 estimates for



















where β ě 0, c1 is a positive constant and c2 ‰ 0 is a real constant. Then, in the second step we































































2δ if t P r1,8q,
with β ě 0. Here c1 is a positive and c2 ‰ 0 is a real constant.
Proof. We follow ideas from the proofs of Proposition 4 in [57] and Lemma 3.1.3. Many steps in our
proof are similar to the proofs of these results. Hence, it is reasonable to present only the steps which
are different. Let us divide the proof into two cases: t P p0, 1s and t P r1,8q. First, in order to treat

















For this reason, we assume now |x| ě 1. We introduce the function







Because the functions in the parenthesis are radial symmetric with respect to ξ, the inverse Fourier
transform is radial symmetric with respect to x, too. Applying the modified Bessel functions leads to
















as in the proof of Proposition 4 in [57]. Then, carrying out m`1 steps of partial integration
we have




















































































r2β´σ`j sinpr|x|q dr. (4.8)
Because of small values of r, we notice that the following estimates hold on the support of χ1 and








1 if l “ 0,








ˇ À rσ´lt for all l “ 0, ¨ ¨ ¨ ,m.
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on the support of χ1 and on the support of its derivatives. We divide the integral (4.8) into two parts











































































































Hence, from (4.7) to (4.10) we have produced terms |x|´pn`2δq and |x|´pn`1q which guarantee the













Let us consider even spatial dimensions n “ 2m, m ě 1, in the first case t P p0, 1s. Then, applying
the first rule for the modified Bessel functions for µ “ 1 and the fifth rule for µ “ 0 from Proposition
B.3.2, and repeating the above calculations as we did to get (4.11) we may conclude the following













Let us turn to the second case t P r1,8q. Then, by the change of variables ξ “ t´
1
2δ η as we did in
the proof of the case t P p0, 1s to Lemma 3.1.3 we will follow the steps of the proof of this lemma to






































2δ if n “ 2m.
(4.14)
Here we also note that |ξ| P p0, 1s, that is, r P p0, t
1
2δ s and rt´
1
2δ ď 1 which are useful in our proof.
Summarizing, from (4.5) and (4.11) to (4.14) the statements of Lemma 4.1.1 are proved.
Remark 4.1.1. Let us explain the results for the case n “ 1. We explained the proofs to Lemma 4.1.1
for n ě 2 only. However, in the case n “ 1 we only carry out partial integration with no need of the
support of the vector field Xfprq as we did in (4.7). Then, following the steps of our considerations
for odd spatial dimensions we may conclude that the statements of this lemma also hold for n “ 1.
Following the proof of Lemma 4.1.1 we may prove the following L1 estimate, too.
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δ if t P r1,8q,
with β ě 0. Here c1 is a positive and c2 ‰ 0 is a real constant.
Finally, we consider oscillating integrals with more complicated oscillations in the integrand. We
are going to prove the following result.



































and β ě 0. Here c1 is a positive and c2 ‰ 0 is a real constant.
Proof. We will follow the proof of Lemma 3.1.5. Hence, it is reasonable to present only the steps
which are different. Then, we shall repeat some of the arguments as we did in the proof of Lemma
4.1.1 to conclude the desired estimates.
First, let us consider |x| ě 1 and t P p0, 1s. To obtain the first desired estimate in both cases of
odd spatial dimensions n “ 2m ` 1 and even spatial dimensions n “ 2m with m ě 1, we assert the























Here Faà di Bruno’s formula comes into play for verifying all our estimates. We split the proof of
the above estimates into several sub-steps as follows:
Step 1: Applying Proposition B.4.1 with hpsq “
?








































À r´k for k “ 1, ¨ ¨ ¨ ,m. (4.15)




























































r´kpt rσqm1`¨¨¨`mk À rσ´kt. (4.16)
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À rσ´kt for k “ 1, ¨ ¨ ¨ ,m.
Next, let us turn to consider |x| ě 1 and t P r1,8q. To derive the desired estimates by using similar
ideas as in the proof of Lemma 4.1.1, we shall prove the following auxiliary estimates on the support
of χ1pt






























Step 1: Applying Proposition B.4.1 with hpsq “
?
s and gprq “ 1´ 14 t
σ´2δ







































2δ rq2p2δ´σqpm1`¨¨¨`mkq À r´k.
Here we used 34 ď gprq ď 1 and t
´ 12δ r ď 1 for r ď t
1











À r´k for k “ 1, ¨ ¨ ¨ ,m. (4.17)












































for k “ 1, ¨ ¨ ¨ ,m.
Summarizing, Lemma 4.1.3 is proved.
Following the steps of the proof of Lemma 4.1.3 we may conclude the following statement, too.




































and β ě 0. Here c1 is a positive and c2 ‰ 0 is a real constant.
Proof of Proposition 4.1.1. In order to prove the first statement, we replace β “ δ and β “ 0, respec-
tively, in Lemmas 4.1.3 and 4.1.4. Then, plugging β “ 0 in Lemma 4.1.3 we may conclude the second
statement. Therefore, this completes our proof.
Following the approach of the proof of Proposition 4.1.1 we may prove the following statements.
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2δ if t P r1,8q,
for any non-negative number a.
Proof. To derive the desired estimates for the norm of the Fourier multipliers localized to small
frequencies, we write











































By choosing the values 2β “ a ` 2δ and 2β “ a in Lemma 4.1.3 and 4.1.4, respectively, we may
conclude the first statement. Then, plugging 2β “ a in Lemma 4.1.3 we may conclude the second
statement. Therefore, this completes our proof.
L1 estimates for large frequencies





















hold for all t ą 0.
Proof. Our approach is based on the paper [57]. In order to prove the above estimates for large
|ξ|, we can apply the modified Bessel functions, carry out partial integrations and perform change of
variables. According to a modification of the proof from Lemma 16 to Lemma 20 in [57], we have to














Hence, we obtain the following results.































hold for all t ą 0.
Then, repeating the proof of Proposition 3.1.1 we may conclude the desired estimates in Proposition
4.1.3.
Following the approach of the proof of Proposition 4.1.3 we may prove the following statements.





































hold for all t ą 0 and any non-negative number a.
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2pσ´δq if t P p0, 1s,
t´
a














2δ if t P p0, 1s,
t1´
a
2pσ´δq if t P r1,8q,
hold for any non-negative number a.
Estimates for middle frequencies
Now let us turn to consider some estimates for Fourier multipliers localized to middle frequencies,
where 3´
1
2δ´σ ď |ξ| ď 3
1
2δ´σ . Then, following the proof of Proposition 3.1.5 we may arrive at the
exponential decay for the following norms.









































where c is a suitable positive constant and for any non-negative number a.
From the statements of Proposition 4.1.1, Proposition 4.1.3 and Proposition 4.1.5 we may conclude
the following L1 estimates.


































2δ q if t P r1,8q.
Finally, from the statements of Proposition 4.1.2, Proposition 4.1.4 and Proposition 4.1.5 we may
conclude the following L1 estimates.










































2δ if t P r1,8q,
for any non-negative number a.
L8 estimates












1 if t P p0, 1s,
t´
n
























t if t P p0, 1s,
t1´
n












2pσ´δq for all t P p0,8q.
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Proof. First let us consider estimates for small frequencies. For the sake of the asymptotic behavior













Hence, we arrive at |xK1pt, ξq| À te


























t if t P p0, 1s,
t1´
n
2δ if t P r1,8q.
Taking account of xK0pt, ξq for small frequencies, thanks to the asymptotic behavior of the charac-








































1 if t P p0, 1s,
t´
n
2δ if t P r1,8q.
Let us turn to consider the term xK1pt, ξq for large |ξ|. We get










As a result, we estimate |xK1pt, ξq| À te













2pσ´δq for all t P p0,8q.








ˇ, we can see that
xK0pt, ξq “ ´λ1 xK1pt, ξq ` e
λ1t.
Since |xK1pt, ξq| À te
´|ξ|2pσ´δqt, we find for large |ξ|


















2pσ´δq for all t P p0,8q.
Summarizing, Proposition 4.1.8 is proved.
From Proposition 4.1.5 and Propostition 4.1.8 we may conclude the following statement.














2pσ´δq if t P p0, 1s,
t´
n














2pσ´δq if t P p0, 1s,
t1´
n
2δ if t P r1,8q.
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Finally, following the approach of the proof of Proposition 4.1.8 we may prove the following state-
ments.












1 if t P p0, 1s,
t´
n`a
























t if t P p0, 1s,
t1´
n`a












2pσ´δq for all t P p0,8q,
for any non-negative number a.














2pσ´δq if t P p0, 1s,
t´
n`a














2pσ´δq if t P p0, 1s,
t1´
n`a
2δ if t P r1,8q,
for any non-negative number a.
Lr estimates
By an interpolation theorem, from the statements of Propositions 4.1.6 and 4.1.9 we may conclude
the following statement.






















































r q if t P r1,8q,
for all r P r1,8s.
From the statements of Propositions 4.1.7 and 4.1.11, by applying an interpolation theorem we may
conclude the following statement.






























































2δ if t P r1,8q,
for all r P r1,8s and any non-negative number a.
Proof of Theorem 4.1.1. In order to obtain pLmXLqq´Lq estimates, we estimate the Lq norm of the
low-frequency part of solutions by the Lm norm of the data, whereas their high-frequency part are


















































2δ if t P r1,8q,
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for all r P r1,8s and any non-negative number a. Applying Young’s convolution inequality from
















































}v1}Lq À t }v1}Lq for all t P p0,8q,
where c is a suitable positive constant. Hence, we may conclude

















































































2δ }v1}Lq if t P p0, 1s
t1´
σ
2pσ´δq }v1}Lq if t P r1,8q
À }v1}Lq for all t P p0,8q,


















2δ }v1}LmXLq for all t P p0,8q.
















r q}v1}LmXLq for all t P p0,8q.
Now let us turn to estimate for the term }vtpt, ¨q}Lq . We rewrite
BtxK1pt, ξq “ xK0pt, ξq ` pλ1 ` λ2qxK1pt, ξq “ xK0pt, ξq ´ |ξ|
2δ
xK1pt, ξq.
































































}v1}Lm if t P r1,8q,
À
#




































































}v1}Lq if t P r1,8q
À }v1}Lq for all t P p0,8q,
where c is a suitable positive constant. Therefore, we may imply









r q}v1}LmXLq for all t P p0,8q.
Summarizing, the proof of Theorem 4.1.1 is completed.
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Lm ´ Lq estimates
From the proof of Theorem 4.1.1 and the statements of Proposition 4.1.13 we have the following
corollary.





in (4.3), q P r1,8s and m P r1, qs. Then, the energy solutions to


























































































r q}v1}Lm if t P r1,8q,


























































































r q}u1}Lm if t P rs` 1,8q,




m and for all dimensions n ě 1.
4.2. A second Cauchy problem for linear structurally damped
σ-evolution models
Let us turn to the following Cauchy problem:
utt ` p´∆q
σu` µp´∆qδut “ 0, up0, xq “ u0pxq, utp0, xq “ 0, (4.19)
where σ ě 1, µ ą 0 and δ P pσ2 , σq.
Lm X Lq ´ Lq and Lq ´ Lq estimates
In this section, we want to prove the following result.





in (4.19), q P p1,8q be given and m P r1, qq. Then, the energy
solutions to (4.19) satisfy the pLm X Lqq ´ Lq estimates
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and the Lq ´ Lq estimates





































m and for all dimensions n.
Proof. Applying the partial Fourier transformation to (4.19) we obtain the Cauchy problem for





pu “ 0, pup0, ξq “xu0pξq, putp0, ξq “ 0. (4.20)
We may choose without loss of generality µ “ 1 in (4.19). The characteristic roots are















xu0pξq “: xK0pt, ξqxu0pξq.
Taking account of the cases of small and large frequencies separately we have
1. λ1,2 „ ´|ξ|
2δ ˘ i|ξ|σ, λ1 ´ λ2 „ i|ξ|
σ for small |ξ| P p0, 3´
1
2δ´σ q,
2. λ1 „ ´|ξ|
2pσ´δq, λ2 „ ´|ξ|
2δ, λ1 ´ λ2 „ |ξ|
2δ for large |ξ| P p3
1
2δ´σ ,8q.
As in Section 4.1, we now decompose the solution to (4.19) into three parts localized separately to
low, middle and high frequencies, that is,
upt, xq “ uχ1pt, xq ` uχ2pt, xq ` uχ3pt, xq,
where





with k “ 1, 2, 3.
In order to obtain the pLmXLqq´Lq estimates, we estimate the Lq norm of the low-frequency part
of solutions by the Lm norm of the data, whereas their high-frequency and middle-frequency parts


















































2δ if t P r1,8q,
for all r P r1,8s and any non-negative number a. Applying Young’s convolution inequality from




































}u0}Lq À }u0}Lq À e











}u0}Lq À }u0}Lq for all t P p0,8q,
where c is a suitable positive constant. Hence, we may conclude









r q}u0}LmXLq for all t P p0,8q.
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À }u0}Hσq for all t P p0,8q,


















2δ }u0}LmXHσq for all t P p0,8q.
















r q´1}u0}LmXH2δq for all t P p0,8q.
Now let us turn to estimate for the norm }utpt, ¨q}Lq . We rewrite
BtxK0pt, ξq “ ´λ1λ2 xK1pt, ξq “ ´|ξ|
2σ
xK1pt, ξq.












































































if t P r1,8q,
À }u0} 9H2pσ´δqq
À }u0}H2pσ´δqq
for all t P p0,8q,
where c is a suitable positive constant. Therefore, we may conclude












for all t P p0,8q.
Summarizing, the proof of Theorem 4.2.1 is completed.
Lm ´ Lq estimates
From the proof of Theorem 4.2.1 and the statements of Proposition 4.1.13 we have the following
corollary.





in (4.19), q P r1,8s and m P r1, qs. Then, the energy solutions to




























































































r q´1}u0}Lm if t P r1,8q,
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m and for all dimensions n ě 1.
4.3. A third Cauchy problem for linear structurally damped
σ-evolution models
In this section, let us consider the Cauchy problem for structurally damped σ-evolution models in the
form
utt ` p´∆q
σu` µp´∆qδut “ 0, up0, xq “ u0pxq, utp0, xq “ u1pxq, (4.21)
with σ ě 1, µ ą 0 and δ P pσ2 , σq.
We may summarize the results from Sections 4.1 and 4.2 as follows:
Lm X Lq ´ Lq and Lq ´ Lq estimates





in (4.21), q P p1,8q and m P r1, qq. Then, the energy solutions to
(4.21) satisfy the pLm X Lqq ´ Lq estimates






































































































and the Lq ´ Lq estimates
}upt, ¨q}Lq À p1` tq
p2`rn2 sqp1´
σ















































m and for all dimensions n ě 1.
For space dimensions n ą σ, we obtain the following better estimates for solutions to (4.21):





in (4.21), q P p1,8q and m P r1, qq. Then, the energy solutions to
(4.21) satisfy the pLm X Lqq ´ Lq estimates
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and the Lq ´ Lq estimates
}upt, ¨q}Lq À p1` tq
p2`rn2 sqp1´
σ















































m and the constraint condition to the space dimension n ą σ.










in Proposition 4.1.8 to obtain a better estimate. Namely, because of the asymptotic behaviour of the
characteristic roots, we obtain for small frequencies the following estimate:









































t if t P p0, 1s,
t´
n`a´σ
2δ if t P r1,8q.


















































2δ if t P r1,8q,
for all r P r1,8s and any non-negative number a. Then, repeating an analogous approach to prove
Theorems 4.1.1 and 4.2.1 we may conlude all the statements in Theorem 4.3.2.
We may prove similar estimates to those in Theorem 4.3.2. Namely for any a ě 0, we have the
following further results.





in (4.21), q P p1,8q and m P r1, qq. Then, the Sobolev solutions to
















































































































m and all dimensions n ě 1.
Proof. In order to estimate some of derivatives of solutions we use a suitable regularity of data u0
and u1 depending on the order of a. Then, repeating an analogous treatment as we did in the proofs
of Theorem 4.1.1 and Theorem 4.2.1 we may conlude all the statements in Theorem 4.3.3.
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Lm ´ Lq estimates





in (4.21), q P r1,8s and m P r1, qs. Then, the energy solutions to











r q}u0}Lm ` t
1´ n2pσ´δq p1´
1






























































































































































r q}u1}Lm if t P r1,8q,




m and for all dimensions n ě 1.
4.4. Linear visco-elastic damped σ-evolution models
The main purpose of this section is to study visco-elastic damped σ-evolution models in the following
form:
utt ` p´∆q
σu` p´∆qσut “ 0, up0, xq “ u0pxq, utp0, xq “ u1pxq (4.22)
with σ ě 1. Our goal is to obtain Lq ´ Lq estimates for solutions to (4.22) assuming additional Lm
regularity for the data with m P r1, qq, where q P p1,8q is given.
Using partial Fourier transformation to (4.22) we obtain the Cauchy problem for pupt, ξq :“ Fpupt, xqq,





pu “ 0, pup0, ξq “xu0pξq, putp0, ξq “xu1pξq. (4.23)
The characteristic roots are


















xu1pξq “: xK0pt, ξqxu0pξq ` xK1pt, ξqxu1pξq.
Taking account of the cases of small and large frequencies separately we have








and λ1,2 „ ´|ξ|
2σ ˘ i|ξ|σ, λ1 ´ λ2 „ i|ξ|
σ for |ξ| P p0, 4´
1
σ q,








and λ1 „ ´1, λ2 „ ´|ξ|
2σ, λ1 ´ λ2 „ |ξ|
2σ for |ξ| P p4
1
σ ,8q.
Let χk “ χkp|ξ|q with k “ 1, 2, 3 be smooth cut-off functions having the following properties:
χ1p|ξ|q “
#
1 if |ξ| ď 4´
1
σ ,





1 if |ξ| ě 4
1
σ ,
0 if |ξ| ď 3
1
σ ,
and χ2p|ξ|q “ 1´ χ1p|ξ|q ´ χ3p|ξ|q.
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We note that χ2p|ξ|q “ 1 if 3
´ 1σ ď |ξ| ď 3
1
σ and χ2p|ξ|q “ 0 if |ξ| ď 4
´ 1σ or |ξ| ě 4
1
σ . Let us
now decompose the solutions to (4.22) into three parts localized separately to low, middle and high
frequencies, that is,
upt, xq “ uχ1pt, xq ` uχ2pt, xq ` uχ3pt, xq,
where





with k “ 1, 2, 3.
Lm ´ Lq estimates for small frequencies
Following the approach of the proof of Lemma 4.1.3 we can see that the result in Lemma 4.1.3 still
holds in the case δ “ σ. Therefore, we obtain the following L1 estimates for small frequencies.






































2σ if t P r1,8q,
for any non-negative number a.
Following the approach of the proof of Proposition 4.1.8 we obtain the following L8 estimates for
small frequencies.












1 if t P p0, 1s,
t´
n`a












t if t P p0, 1s,
t1´
n`a
2σ if t P r1,8q,
for any non-negative number a.
By an interpolation theorem, from the statements of Propositions 4.4.1 and 4.4.2 we may conclude
the following Lr estimates for small frequencies.


















































2σ if t P r1,8q,
for all r P r1,8s and any non-negative number a.
Finally, we may conclude the following result.
Theorem 4.4.1. Let q P r1,8s and m P r1, qs. Then, the Sobolev solutions to (4.22) satisfy the

































































m and for all a ě 0.
Proof. In order to prove the first statement, we apply Young’s convolution inequality from Proposition
B.1.1 as we did in the proof of Theorems 4.1.1 and 4.2.1 and use the statements in Proposition 4.4.3.
Taking account of some estimates related to the partial derivative in time of solutions we note that
BtxK0pt, ξq “ ´|ξ|
2σ
xK1pt, ξq and BtxK1pt, ξq “ xK0pt, ξq ´ |ξ|
2σ
xK1pt, ξq.
Then, applying again Young’s convolution inequality from Proposition B.1.1 and Proposition 4.4.3,
we may conclude the second statement. Hence, the proof of Theorem 4.4.1 is completed.
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Lq ´ Lq estimates for large frequencies
First, we can re-write the characteristic roots as follows:
λ1pξq “ ´1´ γpξq and λ2pξq “ ´|ξ|
2σ ` 1` γpξq, (4.24)
where










Now, we introduce the following abbreviations:




























We shall prove the following results.

















































for any t ą 0, a ě 0, integer j ě 0 and a suitable positive constant c.

















































for any t ą 0, a ě 0, integer j ě 0 and a suitable positive constant c.
According to the application of the Mikhlin-Hörmander multiplier theorem (see also [9, 49]) for
Fourier multipliers from Proposition B.5.1, in order to prove Proposition 4.4.4, we shall show the
following auxiliary estimates.

























































À |ξ|´2σ´|α| for all α, (4.32)
































ˇ À e´ct|ξ|´|α| (4.37)







ˇ À e´ct|ξ|´|α| (4.38)






















































for all α, for any b P R, j ě 0 and t ą 0, where c is a suitable positive constant.
Proof. In order to prove all statements in Lemma 4.4.1, we shall apply Lemma B.6.2 and Leibniz rule
of the multivariable calculus. Indeed, we will indicate the proof of the above estimates as follows:
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˘´ 32 |ξ|σ´|α| À |ξ|´2σ´|α|.
To (4.29), (4.30) and (4.31): These statements are immediately followed by (4.28) and the
expression of the characteristic roots by the function γ “ γpξq.































































































































To (4.34): By the same arguments as we did in (4.33), we may conclude (4.34) by using (4.31).




































To (4.36): In the same way to verify (4.35), we may conclude (4.36) by using (4.34).
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À e´ct|ξ|´|α|, where c is a suitable positive constant.



















































tke´t|ξ|´2σk´|α| (since λ1pξq ď ´1q
À pt` t|α|qe´t|ξ|´|α| À tp1` tq|α|´1e´t|ξ|´|α|
À e´ct|ξ|´|α|, where c is a suitable positive constant.
To (4.39) and (4.40): Combining (4.27), (4.31) to (4.33) and (4.35) to (4.37) we may conclude
(4.39) and (4.40) by using the Leibniz rule.
To (4.41) and (4.42): Combining (4.27), (4.30), (4.32), (4.36) and (4.38) we may conclude (4.41)
and (4.42) by using the Leibniz rule.
Proof of Proposition 4.4.4. First, taking account of the estimates for K20 pt, xq and some of its partial







































À e´ct}u0}H2σj´2σ`aq . (4.43)


























À e´ct|ξ|2σj`a´2σ´|α| À e´ct|ξ|´|α|,
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À e´ct}u0}Lq . (4.44)
Hence, from (4.43) and (4.44) we have proved the second statement in Proposition 4.4.4. By the
same arguments we may also conclude the last statement in Proposition 4.4.4 by using (4.40). Let us














































Finally, taking account of estimates for K11 pt, xq and some of its partial derivatives we will divide




































À e´ct}u1} 9Ha´2σq À e
´ct}u1}Ha´2σq .
























À e´ct|ξ|a´2σ´|α| À e´ct|ξ|´|α|,










Summarizing, the proof of Proposition 4.4.4 is completed.





























pt, xq ˚ |D|2σj`ra´σs
`
u0pxq.











À e´ct|ξ|minta,σu´2σ´|α| À e´ct|ξ|´σ´|α|,
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|x|´pn´1q if 0 ă |x| ď 1 and m “ n´ 1,
|x|´pn`1q if |x| ě 1 and m “ n` 1,






































Then, employing Young’s convolution inequality from Proposition B.1.1 we have proved the second
statement in Proposition 4.4.5. In the same way, we may also conclude the last statement and the
third statement in Proposition 4.4.5, respectively, by using (4.40) and (4.42). Let us turn to estimate





















































In order to control the first term, using the relation λ1pξq “ ´1´ γpξq we write





















































À e´t}u0}Haq . (4.49)
































































pt, xq ˚ |D|ra´σs
`
u0pxq.









2 |ξ|´2σ`´2σ`minta,σu´|α| À e
t
2 |ξ|´σ´|α|.












|x|´pn´1q if 0 ă |x| ď 1,





















|x|´pn´1q if 0 ă |x| ď 1,
|x|´pn`1q if |x| ě 1,















































Moreover, due to 1´ χ3p|ξ|q P C
8







































À e´t}u0}Lq . (4.51)
Combining from (4.46) to (4.51) we may conclude the first statement in Proposition 4.4.5. Summa-
rizing, the proof of Proposition 4.4.5 is completed.
From the statements in Propositions 4.4.4 and 4.4.5 we obtain immediately the following result.






































if q “ 1 or 8 and σ ą 1,
for any t ą 0, a ě 0, integer j ě 0 and a suitable positive constant c.
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Lq ´ Lq estimates for middle frequencies
Now let us turn to consider some estimates for middle frequencies, where 3´
1
σ ď |ξ| ď 3
1
σ . Our goal
is to derive the exponential decay for solutions and some of their derivatives to (4.22).










for any t ą 0, a ě 0, integer j ě 0 and a suitable positive constant c.





















































À e´ct}pu0, u1q}Lq .
Summarizing, the proof to Theorem 4.4.3 is completed.
From the statements in Theorems 4.4.1, 4.4.2 and 4.4.3, we obtain immediately the following result.
Theorem 4.4.4. Let q P p1,8q and m P r1, qq. Then, the Sobolev solutions to (4.22) satisfy the















































































































m and for all a ě 0.
4.5. Comparison with known results
In this section, we explain some comparisons between the above obtained estimates and known results.
4.5.1. The case δ P pσ
2
, σq
First if we are interested in studying the special case of σ “ 1 and δ P p 12 , 1q, in the paper [57] the
authors obtained L1 estimates for oscillating integrals to conclude the following Lm ´ Lq estimates







r q}u0}Lm ` t
1´ n2δ p1´
1




















r }u1}Lm if t P r1,8q,




m . Here the authors took into considerations the connection
to Fourier multipliers appearing for wave models. It is reasonable to see that the decay rates for
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solution produced from the results in the paper [57] are somehow better than those in Theorem 4.3.1
with σ “ 1 and δ P p 12 , 1q. However, these decay rates are almost the same if we consider the case of
sufficiently large space dimensions n.
In the paper [11], the authors investigated L2 estimates for solutions and some of their derivatives
as well in the case δ P pσ2 , σq with additional L
1 regularity for the data as follows:
}upt, ¨q}L2 À p1` tq
´ n4δ }u0}L1XL2 ` p1` tq








4δ }u0}L1XHσ ` p1` tq
1´n`2σ4δ }u1}L1XL2 ,
}utpt, ¨q}L2 À p1` tq
´
n`2σ









4δ´1}u0}L1XH2δ ` p1` tq
´ n4δ }u1}L1XL2 ,
for all space dimensions n. Moreover, there are other sharper results under a restriction to the space





4δ }u0}L1XL2 ` p1` tq
´
n´2σ
4δ }u1}L1XL2 if n ą 2σ,
p1` tq´
σ








4δ }u0}L1XHσ ` p1` tq
´ n4δ }u1}L1XL2 ,
}utpt, ¨q}L2 À p1` tq
´
n`2σ
4δ }u0}L1XH2pσ´δq ` p1` tq












We can see that the authors in [11] considered L2 estimates by using Parseval’s formula under the
choice of parameters m “ 1 and q “ 2. For this reason, some results in the paper [11] are obviously
somehow better than those in Theorem 4.3.1 and Theorem 4.3.2, where we want to derive estimates in
gerenal cases q P p1,8q and m P r1, qq. Nevertheless, if we are interested in a restriction to sufficiently
large space dimensions n, the results in Theorem 4.3.1 and Theorem 4.3.2 almost coincide with those
in [11].
4.5.2. The case δ “ σ
First if we are interested in studying low frequencies, the author in [69] in the special case of σ “ δ “ 1
obtained L1 estimates for oscillating integrals to get the following L1 ´ L1 estimates:









From Theorem 4.4.1 we may conclude for L1 ´ L1 estimates as follows:









Here the author in [69] took into considerations the connection to Fourier multipliers appearing for
wave models. It is reasonable to see that the decay rates for solutions produced from the results in
[69] are somehow better than those in Theorem 4.4.1 with σ “ δ “ 1. However, these decay rates are
almost the same if we consider the case of sufficiently large space dimensions n.
In order to compare the estimates for solutions and some of their partial derivatives in the second











































Finally, we can see that if we choose σ “ 1 in Theorem 4.4.2, these two results are exactly the same.
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5. Semi-linear structurally damped
σ-evolution models in the case δ “ σ2
The main purpose of this chapter is to study the global (in time) existence of small data Sobolev
solutions for semi-linear structurally damped σ-evolution models. We will use the decay estimates
for solutions and some of their partial derivatives to the previous linear Cauchy problems to treat a
family of semi-linear models.















2 ut “ |ut|
p, up0, xq “ u0pxq, utp0, xq “ u1pxq (5.2)
in space dimensions n ě 2 with σ ě 1, µ ą 0, a P r0, σq and a given number p ą 1.
Let us explain our objectives and strategies as follows:
• The estimates for solutions to the linear Cauchy problems (2.1) are a key tool to deal with the
semi-linear Cauchy problems (5.1) and (5.2).
• By using the fractional Gagliardo-Nirenberg inequality, the fractional chain rule, the fractional
powers rule and the fractional Sobolev embedding, we obtain global (in time) existence of small
data solutions in the energy space, in the solution space below energy space, in the energy space
with a suitable higher regularity and in the large regular space.
• Some examples are presented at the end of each theorem to compare with known results.















where s ě 0, q P p1,8q and m P r1, qq.
5.1. Global (in time) existence of small data solutions to the
model (5.1)
5.1.1. Data from the energy space
Let us assume data to belong to the energy space on the base of Lq.































Then, there exists a constant ε ą 0 such that for any small data
pu0, u1q P Aσm,q satisfying the assumption }pu0, u1q}Aσm,q ď ε,
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2









to (5.1). The following estimates hold:
}upt, ¨q}Lq À p1` tq
1´nσ p1´
1













r q}pu0, u1q}Aσm,q ,





Remark 5.1.1. Let us explain the conditions for p and n in Theorem 5.1.1. The conditions p ą
1` mp2σ´aqn´mpσ´aq and n ą mpσ´ aq imply the same decay estimates for solutions to (5.1) as for solutions
to the corresponding linear model with vanishing right-hand side. Hence, we can say that the non-
linearity is interpreted as a small perturbation. The other conditions for p come into play after we
apply the fractional Gargliardo-Nirenberg inequality. In addtion, the condition for n compared to the




the set of admissible range for p to guarantee it as non-empty set.
Proof. Our approach bases on the paper [12]. By using fundamental solutions we write the solutions
to (5.1) with vanishing right-hand side as follows:
ulnpt, xq “ K0pt, xq ˚x u0pxq `K1pt, xq ˚x u1pxq,
where Kjpt, xq with j “ 0, 1 are defined as in Chapter 2. Applying Duhamel’s principle leads to the
following representation of solutions to (5.1):
upt, xq “ K0pt, xq ˚x u0pxq `K1pt, xq ˚x u1pxq `
ż t
0







We introduce the data space Aσm,q :“ pLm X Hσq q ˆ pLm X Lqq. Moreover, we introduce for any









































where from the estimates for solutions and some of their derivatives to the linear Cauchy problems
given in Theorem 2.3.1 we choose
f0pτq “ p1` τq
1´nσ p1´
1




We define the operator N : Xptq ÝÑ Xptq by the formula
Nupt, xq “ K0pt, xq ˚x u0pxq `K1pt, xq ˚x u1pxq `
ż t
0







We will prove that the operator N satisfies the following two estimates:











First let us prove the estimate (5.3). Taking into consideration the estimates for solutions and
some of their partial derivatives to the linear Cauchy problems from Chapter 2 for j, k “ 0, 1 and
























r q´pk`jq}pu0, u1q}Aσm,q .
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In order to control the integral term in the representation of solutions, we use two different strategies
for τ P r0, t{2s and τ P rt{2, ts. In particular, we use the pLm X Lqq ´ Lq estimates if τ P r0, t{2s and














































































































































































As in Corollary C.1.1 we have to guarantee that θqp and θmp belong to r
a












n´ qpσ ´ aq
ı
if n ą qpσ ´ aq.





















































































































































































































































From the definition of the norm in Xptq, we obtain immediately the inequality (5.3).
Next let us prove the estimate (5.4). Using again the estimates for solutions and some of their partial
derivatives to the linear Cauchy problems from Chapter 2, that is, the pLm X Lqq ´ Lq estimates if
τ P r0, t{2s and the Lq ´ Lq estimates if τ P rt{2, ts from Theorem 2.3.1, then we may derive for two

































































































































Analogously to the proof of (5.3), applying the fractional Gagliardo-Nirenberg inequality from
Proposition C.1.1 to the norms
›
















with η “ qp and η “ mp we derive the following estimates:
›
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and
›

































































































Applying again an analogous treatment as we did in the proof of (5.3) we may conclude for j, k “ 0, 1




















From the definition of the norm in Xptq, we obtain immediately the inequality (5.4).
Summarizing, the proof of Theorem 5.1.1 is completed.
Example 5.1.1. If we choose m “ 1 and q P p1, 2s in Theorem 5.1.1, then it becomes Theorem 1 in
the paper [11]. For this reason, Theorem 5.1.1 is a generalization of Theorem 1 in the paper [11].
Example 5.1.2. If we choose m “ 1, σ “ 1, a “ 0 and the space dimensions n “ 2, 3, 4 in Theorem
5.1.1, then it becomes Theorem 1 in the paper [12] with q P p1, 2s. Moreover, by choosing some other
suitable parameters for q P p1,8q, we can see that the results of Theorem 5.1.1 bring some flexibility
in comparison with those from Theorem 1 in the paper [12] (see the following table):
Theorem 5.1.1 Theorem 1 in [12]
q P p1, 2s and n “ 2, 3, 4 p P rq, nn´q s and p ą 1`
2
n´1 p P rq,
n
n´q s and p ą 1`
2
n´1
q “ 4 and n “ 2, 3, 4 p P r4,8q no result for p
q “ 4 and n “ 5 p P r4, 5s no result for p
Tab. 5.1.: Comparison between the obtained results.
Remark 5.1.2. In this remark, we allow a loss of decay in estimates for solutions in comparison
with the corresponding decay estimates for solutions to the linear Cauchy problem with vanishing
right-hand side. We follow the proof of Theorem 5.1.1. Having this in mind we fix the data space and



































fε1pτq “ p1` τq
1´nσ p1´
1
r q`ε1 , fε2pτq “ p1` τq
´nσ p1´
1




for some positive constants ε1, ε2 and ε3.
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2
Case 1: If we assume that ε1 “ ε2 “ ε3 “ ε0 are sufficiently small positive constants, then the













. Next we choose ε2 “ 1` ε1 and




which we may avoid the condition for the exponent p ą 1` mp2σ´aqn´mpσ´aq in Theorem 5.1.1.
5.1.2. Data below the energy space
In the second case we assume that the data belong to the Sobolev space on the base of Lq only. For
this reason, we get Sobolev solutions instead of energy solutions.
Theorem 5.1.2. Let s P p0, σq and n ě 1. Let q P p1,8q be a fixed constant, m P r1, qq and a P r0, sq.






























Then, there exists a constant ε ą 0 such that for any small data
pu0, u1q P Asm,q satisfying the assumption }pu0, u1q}Asm,q ď ε,





to (5.1). The following estimates hold:
}upt, ¨q}Lq À p1` tq
1´nσ p1´
1












σ }pu0, u1q}Asm,q ,





Proof. We introduce the data space Asm,q :“ pLmXHsq qˆ pLmXLqq. Moreover, we introduce for any

























We define the operator N : Xptq ÝÑ Xptq by the formula
Nupt, xq “ K0pt, xq ˚x u0pxq `K1pt, xq ˚x u1pxq `
ż t
0







We will prove that the operator N satisfies the following two estimates:
}Nu}Xptq À }pu0, u1q}Asm,q ` }u}
p
Xptq, (5.5)
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First let us prove the estimate (5.5). Taking into consideration the estimates for solutions and some




























σ }pu0, u1q}Asm,q .
In order to control the integral term in the representation of solutions, we use the pLm X Lqq ´ Lq






































































































































































As in Corollary C.1.1 we have to guarantee that θqp and θmp belong to r
a














if n ą qps´ aq.















































































































































































































































































From the definition of the norm in Xptq we obtain immediately the inequality (5.5).
Next let us prove the estimate (5.6). Using again the pLm X Lqq ´ Lq estimates if τ P r0, t{2s and
the Lq´Lq estimates if τ P rt{2, ts from Theorem 2.3.1 we derive for two functions u and v from Xptq
the estimates
›




















































By using Hölder’s inequality and applying again an analogous treatment as we did in the proof of
(5.4) in Theorem 5.1.1, we may conclude for k “ 0, 1 the estimates
›

















From the definition of the norm in Xptq it follows immediately the inequality (5.6).
Summarizing, the proof of Theorem 5.1.2 is completed.
Example 5.1.3. By choosing m “ 1, q “ 1.1, σ “ 1, s “ 0.99 and a “ 0.1 we obtain the following
admissible range of the exponents p in Theorem 5.1.2:
p P p20,8q and n “ 1.
5.1.3. Data from the energy space with suitable higher regularity
Now we assume that the data in (5.1) belong to the energy space with a suitable higher regularity.
We have the following result.
Theorem 5.1.3. Let σ ă s ď σ ` nq and n ě 1. Let q P p1,8q be a fixed constant, m P r1, qq and
a P r0, σq. We assume the condition
p ą 1`max
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Then, there exists a constant ε ą 0 such that for any small data
pu0, u1q P Asm,q satisfying the assumption }pu0, u1q}Asm,q ď ε,









to (5.1). The following estimates hold:
}upt, ¨q}Lq À p1` tq
1´nσ p1´
1
r q}pu0, u1q}Asm,q , (5.7)
}utpt, ¨q}Lq À p1` tq
´nσ p1´
1















σ }pu0, u1q}Asm,q , (5.9)





Remark 5.1.3. Let us explain the conditions for p and n in Theorem 5.1.3. Because we want to
use the fractional chain rule, the condition p ą 1` rs´ σs is necessary to assume. The upper bound
for p ď 1 ` qpσ´aqn´qps´aq appears to guarantee the possibility for choosing the parameters satisfying the
fractional chain rule (the existence of these paremeters is presented more in detail in another remark
at the end of the proof). Moreover, the conditions p ą 1` mp2σ´aqn´mpσ´aq and n ą mpσ´aq imply the same
decay estimates for solutions to (5.1) as for solutions to the corresponding linear model with vanishing
right-hand side. Hence, we can say that the non-linearity is interpreted as a small perturbation. The
other conditions for p come into play after we apply the fractional Gargliardo-Nirenberg inequality.
In addtion, the condition for n compared to the term qpσ´ aq results from the same tool. Eventually,
the upper bound for n ď qps´ aq ` mqpσ´aqq´m arises from the set of admissible range for p to guarantee
that this set is non-empty.






































































We define a mapping N : Xptq ÝÑ Xptq in the following way:
Nupt, xq “ K0pt, xq ˚x u0pxq `K1pt, xq ˚x u1pxq `
ż t
0







In order to conclude the uniqueness and the global (in time) existence of small data solutions to
(5.1), we have to prove the following pair of inequalities:











First let us prove the inequality (5.10). Our proof is divided into four steps.
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Step 1: We need to estimate the norm }Nupt, ¨q}Lq . We apply the L
m X Lq ´ Lq estimates if
τ P r0, t{2s and Lq ´ Lq estimates if τ P rt{2, ts from Theorem 2.3.1 to conclude
}Nupt, ¨q}Lq À p1` tq
1´nσ p1´
1
































































with k “ q,m, we apply the fractional Gagliardo-Nirenberg




































































Due to Corollary C.1.1 we have to guarantee that θqp and θmp belong to r
a














if n ą qps´ aq.




























































































































where we use the estimates p1 ` t ´ τq « p1 ` tq if τ P r0, t{2s and p1 ` τq « p1 ` tq if τ P rt{2, ts.





























































Therefore, we arrive at the following desired estimate:










Step 2: We need to estimate the norm }BtNupt, ¨q}Lq . Differentiating Nupt, xq with respect to t
we obtain
BtNupt, xq “ Bt
`














We apply the Lm X Lq ´ Lq estimates if τ P r0, t{2s and the Lq ´ Lq estimates if τ P rt{2, ts from
Theorem 2.3.1 to conclude


































Following the same ideas for deriving (5.12) we may conclude






































s´σNupt, xq “ Bt|D|
s´σ
`















We apply the pLm X Lqq ´ Lq estimates if τ P r0, t{2s and the Lq ´ Lq estimates if τ P rt{2, ts from
















































































































will be handled as before if we apply













if n ą qps´ aq,

































































, we shall apply Proposition C.3.2 for















































































































































. Here we have to guarantee that θq1 P r
a
s , 1s
and θq2 P r
s´σ`a
s , 1s. Both conditions imply the restrictions
1 ă p ď 1`
qpσ ´ aq
n´ qps´ aq
if n ą qps´ aq, or p ą 1 if n ď qps´ aq.



























|D|sNupt, xq “ |D|s
`














By applying again the pLmXLqq´Lq estimates if τ P r0, t{2s and the Lq´Lq estimates if τ P rt{2, ts
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Summarizing, from the definition of the norm in Xptq we obtain immediately the inequality (5.10).
Next let us prove the inequality (5.11). Our proof is also divided into four steps.
Step 1: We need to estimate the norm }Nupt, ¨q´Nvpt, ¨q}Lq . Using the pL
mXLqq´Lq estimates
if τ P r0, t{2s and the Lq ´ Lq estimates if τ P rt{2, ts from Theorem 2.3.1 we derive for two functions
u and v from Xptq the estimate












































By using Hölder’s inequality and applying again the same ideas as we did in the proof of (5.4) and
Step 1 to prove (5.10) we may conclude










Step 2: We need to estimate the norm }BtNupt, ¨q ´ BtNvpt, ¨q}Lq . We use











































Using the same approach as we did in the proof of (5.4) and Step 2 to prove (5.10) we conclude










Step 3: Let us estimate the norm
›
›Bt|D|
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À }upτ, ¨q ´ vpτ, ¨q}θ19Hsq























À }upτ, ¨q ´ vpτ, ¨q}θ39Hsq
}upτ, ¨q ´ vpτ, ¨q}1´θ3Lq ,
where






















































Moreover, since ω P r0, 1s is a parameter, we may apply again the fractional chain rule with p ą







































































































` }vpτ, ¨q} 9Hsq
˘pp´2qθ5`θ6`
}upτ, ¨q}Lq ` }vpτ, ¨q}Lq
˘pp´2qp1´θ5q`1´θ6
.

















































where we note that




















































































Summarizing, we have proved the estimates
›
›Bt|D|


















Step 4: Let us estimate the norm
›


























































By the same treatment as in Step 3 to prove (5.11) we may conclude
›

















Summarizing, from the definition of the norm in Xptq and all the previous estimates we have
completed the proof of (5.11).
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Remark 5.1.4. In this remark, we want to clarify the possibility to choose actually the parameters
q1, q2, r1, ¨ ¨ ¨ , r6 and θ1, ¨ ¨ ¨ , θ6 as required in the proof to Theorem 5.1.3.











































thanks to the following condition:
2 ď p ď 1`
qpσ ´ aq
n´ qps´ aq
if n ą qps´ aq, or p ě 2 if n ď qps´ aq. (5.14)


































we may obtain the






since p ě 2.
Hence, in order to guarantee the existence of two parameters q1 and q2 it is sufficient to intersect

























































we repeat exactly the same arguments to find (5.14) with r1 in place of q2 and r2 in place of
q1
p´1 .
Let us turn now to explain the existence of suitable parameters r3, ¨ ¨ ¨ , r6 and θ3, ¨ ¨ ¨ , θ6. In the











































Therefore, choosing r4 in the above admissible range we take r3 to guarantee θ3 P r0, 1s.


































































and the above obtained condition 1r4 P r0,
s´a
n s we express









since p ě 2.
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Hence, in order to ensure that we get a non-empty range for the parameter r6 we need to have the











Finally, we check the conditions on p and n coming from the requirement that the admissible range















which leads again to (5.14).
Summarizing, we have shown that (5.14) is sufficient to guarantee the possibility to choose suitable
parameters q1, q2, r1, ¨ ¨ ¨ , r6 and θ1, ¨ ¨ ¨ , θ6 in the proof to Theorem 5.1.3.
Example 5.1.4. By choosing m “ 1, q “ 1.1, σ “ 1, s “ 2 and a “ 0 we obtain the following
admissible range of the exponents p in Theorem 5.1.4:
p P p3,8q if n “ 2, or p P p2, 2.375q if n “ 3.
5.1.4. Large regular data
Next, we obtain the following result for large regular data by using the fractional powers rule and the
fractional Sobolev embedding.
Theorem 5.1.4. Let s ą σ` nq and n ě 1. Let q P p1,8q be a fixed constant, m P r1, qq and a P r0, σq.
We assume the condition
p ą 1`max
! mp2σ ´ aq
n´mpσ ´ aq
, s´ σ, 1
)
.






and n ą mpσ ´ aq.
Then, there exists a constant ε ą 0 such that for any small data
pu0, u1q P Asm,q satisfying the assumption }pu0, u1q}Asm,q ď ε,









to (5.1). Moreover, the estimates (5.7) to (5.9) hold.
Remark 5.1.5. Let us explain the conditions for p and n in Theorem 5.1.4. Because we want to use
the fractional powers rule, the conditions p ą 1` s´ σ and p ą 2 are necessary to assume. Moreover,
the conditions p ą 1 ` mp2σ´aqn´mpσ´aq and n ą mpσ ´ aq imply the same decay estimates for solutions to
(5.1) as for solutions to the corresponding linear model with vanishing right-hand side. Hence, we can
say that the non-linearity is interpreted as a small perturbation. Finally, the remaining conditions for
p come into play after we apply the fractional Gargliardo-Nirenberg inequality.
Proof. We introduce the definitions of spaces Asm,q, Xptq and X0ptq in the same way as in the proof


















in Lm and Lq. On the other hand, we estimate the above terms in
9Hs´σq by using the fractional powers rule and the fractional Sobolev embedding.










. We shall apply Corollary C.4.1 for the
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Here we used Corollary C.5.1 with a suitable s˚ ă nq . Applying the fractional Gagliardo-Nirenberg






















































s and θ2 “
s˚`a




















































































































ω|D|aupτ, xq ` p1´ ωq|D|avpτ, xq
˘
dω,
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Using again Corollary C.5.1 with a suitable s˚ ă nq in order to estimate all the L






































































































σ }ωu` p1´ ωqv}X0pτq.
































































































































Summarizing, the proof of Theorem 5.1.4 is completed.
Example 5.1.5. By choosing m “ 1, q “ 5, σ “ 1, s “ 5 and a “ 0 we obtain the following admissible
range of exponents p:
p P p5,8q for all n P r2, 19s.
5.2. Global (in time) existence of small data solutions to the
model (5.2)
Now, we assume that the data belong to a function space with large regularity. We obtain the following
result.
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Theorem 5.2.1. Let q P p1,8q be a fixed constant, m P r1, qq and n ě 1. We assume the regularity






and p ą 1`max
!mσ
n
, s´ σ, 1
)
.
Then, there exists a constant ε ą 0 such that for any small data
pu0, u1q P Asm,q satisfying the assumption }pu0, u1q}Asm,q ď ε,









to (5.2). Moreover, the estimates (5.7) to (5.9) hold.
Remark 5.2.1. Let us explain the conditions for p and n in Theorem 5.2.1. Because we want to
use the fractional powers rule, the conditions p ą s and p ą 2 are necessary to assume. We are not
interested to have a restriction to the upper bound for p. For this reason, we suppose the condition
s ą σ ` nq . Moreover, the interval of admissible exponents p P r
q
m ,8q comes from applying the
fractional Gargliardo-Nirenberg inequality. The remaining conditions for p and s imply the same
decay estimates for solutions to (5.2) as for solutions to the corresponding linear model with vanishing
right-hand side. Hence, we can say that the non-linearity is interpreted as a small perturbation.
Proof. We introduce the definitions of spaces Asm,q and Xptq in the same way as in the proof of
Theorem 5.1.3. We define a mapping N : Xptq ÝÑ Xptq in the following way:
Nupt, xq “ K0pt, xq ˚x u0pxq `K1pt, xq ˚x u1pxq `
ż t
0
K1pt´ τ, xq ˚x |utpτ, xq|
pdτ.
In order to conclude the uniqueness and the global (in time) existence of small data solutions to
(5.2) as well, we have to prove the following pair of inequalities:
}Nu}Xptq À }pu0, u1q}Asm,q ` }u}
p
Xptq, (5.15)







First let us prove the inequality (5.15). Our proof is divided into four steps.
Step 1: We need to estimate the norm }Nupt, ¨q}Lq . We apply the L
m X Lq ´ Lq estimates if
τ P r0, t{2s and Lq ´ Lq estimates if τ P rt{2, ts from Theorem 2.3.1 to conclude
}Nupt, ¨q}Lq À p1` tq
1´nσ p1´
1

















































Lmp ` }utpτ, ¨q}
p
Lqp .
To estimate the norm }utpτ, ¨q}
p
Lkp
with k “ q,m, we apply the fractional Gagliardo-Nirenberg
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if s ă σ `
n
q





































































































where we use the estimates p1 ` t ´ τq « p1 ` tq if τ P r0, t{2s and p1 ` τq « p1 ` tq if τ P rt{2, ts.




pp´ 1q ă ´1.
Consequently, the term p1` τq´
n


































Therefore, we arrive at the following estimate:










Step 2: We need to estimate the norm }BtNupt, ¨q}Lq . Differentiating Nu “ Nupt, xq with respect
to t we obtain
BtNupt, xq “ Bt
`











We apply the Lm X Lq ´ Lq estimates if τ P r0, t{2s and the Lq ´ Lq estimates if τ P rt{2, ts from
Theorem 2.3.1 to conclude




























Using the same ideas for deriving (5.17) we may conclude


















if s ă σ `
n
q

























s´σNupt, xq “ Bt|D|
s´σ
`












We apply the pLm X Lqq ´ Lq estimates if τ P r0, t{2s and the Lq ´ Lq estimates if τ P rt{2, ts from































































































will be handled as before if we apply the








if s ă σ `
n
q































































, we shall apply Corollary C.4.1 for the







À }utpτ, ¨q} 9Hs´σq }utpτ, ¨q}
p´1
L8
À }utpτ, ¨q} 9Hs´σq
`
}utpτ, ¨q} 9Hs˚q
` }utpτ, ¨q} 9Hs´σq
˘p´1
.
Here we used Corollary C.5.1 with a suitable s˚ ă nq . Applying the fractional Gagliardo-Nirenberg


















where θ “ s
˚















σ }u}pXpτq À p1` τq
´ nmσ pp´1q}u}pXpτq,
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|D|sNupt, xq “ |D|s
`











By applying again the pLmXLqq´Lq estimates if τ P r0, t{2s and the Lq´Lq estimates if τ P rt{2, ts






























































Summarizing, from the definition of the norm in Xptq we obtain immediately the inequality (5.15).
Next let us prove the inequality (5.16). Our proof is divided into four steps.
Step 1: We need to estimate the norm }Nupt, ¨q´Nvpt, ¨q}Lq . Using the pL
mXLqq´Lq estimates
if τ P r0, t{2s and the Lq ´ Lq estimates if τ P rt{2, ts from Theorem 2.3.1 we derive for two functions
u and v from Xptq the estimate




























By using Hölder’s inequality, we may show the estimates
›
›|utpτ, ¨q|































Analogously to the proof of (5.15), applying the fractional Gagliardo-Nirenberg inequality from
Proposition C.1.1 to the norms
}utpτ, ¨q ´ vtpτ, ¨q}Lη , }utpτ, ¨q}Lη , }vtpτ, ¨q}Lη
with η “ qp and η “ mp we derive the following estimates:
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and
























m , we obtain
›
›|utpτ, ¨q|


































Applying again the same ideas as we did in Step 1 to prove (5.15) we may conclude










Step 2: We need to estimate the norm }BtNupt, ¨q ´ BtNvpt, ¨q}Lq . We use



























Using the same approach of Step 2 to prove (5.15) and Step 1 to prove (5.16) we may conclude










Step 3: Let us estimate the norm
›
›Bt|D|





























































































will be handled as


























































Let us now turn to estimate the norm
›
›|utpτ, ¨q|





. By using the integral represen-
tation
|utpτ, xq|









ωutpτ, xq ` p1´ ωqvtpτ, xq
˘
dω,
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where Gpuq “ u|u|p´2, we obtain
›
›|utpτ, ¨q|





















Thanks to the fractional powers rule from Corollary C.4.2, we can proceed as follows:
›
›|utpτ, ¨q|



























































À }ωutpτ, ¨q ` p1´ ωqvtpτ, ¨q} 9Hs´σq }ωutpτ, ¨q ` p1´ ωqvtpτ, ¨q}
p´2
L8 .
Using Corollary C.5.1 with a suitable s˚ ă nq , we obtain
}utpτ, ¨q ´ vtpτ, ¨q}L8 À }utpτ, ¨q ´ vtpτ, ¨q} 9Hs˚q
` }utpτ, ¨q ´ vtpτ, ¨q} 9Hs´σq
and
}ωutpτ, ¨q ` p1´ ωqvtpτ, ¨q}L8
À }ωutpτ, ¨q ` p1´ ωqvtpτ, ¨q} 9Hs˚q
` }ωutpτ, ¨q ` p1´ ωqvtpτ, ¨q} 9Hs´σq .
Applying the fractional Gagliardo-Nirenberg inequality from Proposition C.1.1 we have
}utpτ, ¨q ´ vtpτ, ¨q} 9Hs˚q



















where θ “ s
˚
s´σ . In the same way, we get







σ }ωutpτ, ¨q ` p1´ ωqvtpτ, ¨q}Xpτq.
Therefore, we may conclude
›
›|utpτ, ¨q|
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Summarizing, we have proved the estimates
›
›Bt|D|


















Step 4: Let us estimate the norm
›










































Following the treatment as in Step 3 to prove (5.16) we may conclude
›

















Summarizing, from the definition of the norm in Xptq and all the previous estimates we have
completed the proof of (5.16).
Example 5.2.1. If we replace m “ 1 in Theorem 5.2.1, then it becomes Theorem 3 in [11]. Hence,
we want to underline that Theorem 5.2.1 is a generalization of the result from Theorem 3 in [11].
Example 5.2.2. By choosing m “ 1, q “ 5, σ “ 1 and s “ 4 we obtain the following admissible
range of the exponents p in Theorem 5.2.1:
p P r5,8q for all n P r1, 14s.
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6. Semi-linear structurally damped
σ-evolution models in the case δ P p0, σ2q
Let us consider the following two Cauchy problems:
utt ` p´∆q
σu` µp´∆qδut “ |u|
p, up0, xq “ u0pxq, utp0, xq “ u1pxq (6.1)
and
utt ` p´∆q
σu` µp´∆qδut “ |ut|
p, up0, xq “ u0pxq, utp0, xq “ u1pxq (6.2)
in space dimensions n ě 2 with σ ě 1, δ P p0, σ2 q, µ ą 0 and a given number p ą 1.
Let us explain our objectives and strategies as follows:
• The estimates for solutions to the linear Cauchy problems (3.1) are a key tool to deal with the
semi-linear Cauchy problems (6.1) and (6.2).
• Because the oscillations in the representation of solutions for the linear Cauchy problems (3.1)
produce singular behavior of coefficients as t Ñ `0 in Lp ´ Lq estimates, we can compensate this
singular behavior by assuming higher regularity for the data. Diffierent strategies appear to deal
with the semi-linear Cauchy problems (6.1) and (6.2) in the following two considerations: No loss
of decay but loss of regularity, loss of decay and loss of regularity.
Loss of regularity (see, for example, [4, 9, 50, 59]) is a well-known phenomenon describing the effect
that the regularity of the obtained solutions to semi-linear models is less than those of the initial
data. This phenomenon appearing in our global (in time) existence results is due to the singular
behavior of time-dependent coefficients in the estimates for solutions to the linear models localized
to high frequencies as t Ñ `0. However, we can compensate this difficulty by assuming higher
regularity for the data.
Loss of decay is understood when the decay rates in the estimates for solutions to semi-linear
models are worse than those given for solutions to the linear models with vanishing right-hand
side. Additional benefits of allowing loss of decay (see [7]) are to show how the restrictions to the
admissible exponents p could be relaxed.
• By using the fractional Gagliardo-Nirenberg inequality, the fractional chain rule, the fractional
powers rule, the fractional Sobolev embedding and some auxiliary lemmas, we obtain global (in
time) existence of small data solutions in the energy space, in the solution space below energy
space, in the energy space with a suitable higher regularity and in the large regular space.
• Some examples are presented at the end of each theorem to compare with known results.





























6.1. No loss of decay but loss of regularity
6.1.1. Solutions in the energy space to the model (6.1)
In the first case, we obtain solutions to (6.1) from energy space on the base of Lq.
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q










n´ mq n`mσ, 4mpσ ´ δq
(
n´ 2mpσ ´ δq
. (6.3)




















Then, there exists a constant ε ą 0 such that for any small data
pu0, u1q P Aσ`s0m,q satisfying the assumption }pu0, u1q}Aσ`s0m,q ď ε,









to (6.1). The following estimates hold:
}upt, ¨q}Lq À p1` tq
1´ n2pσ´δq p1´
1












2pσ´δq }pu0, u1q}Aσ`s0m,q , (6.6)





σ´δ }pu0, u1q}Aσ`s0m,q , (6.7)





Remark 6.1.1. From the proof of Theorems 3.1.1 and 3.2.1, the solutions uln to (6.1) with vanishing
right-hand side satisfy the following Lq ´ Lq estimates for t P p0, 1s:































The singular behavior of coefficients as t Ñ `0 brings some problems in the treatment of the
semi-linear Cauchy problem (6.1). But we can compensate this singular behavior by assuming higher
regularity for the data u0 and u1. We are going to prove the following lemma.
Lemma 6.1.1. The solutions uln to (6.1) with vanishing right-hand side satisfy the pLm X Lqq ´ Lq
estimates
}ulnpt, ¨q}Lq À p1` tq
´ n2pσ´δq p1´
1
































for any t ą 0.
Proof. First, we can see that from the condition rn2 s ă n0 in Theorem 6.1.1 it follows immediately



























































}u0} 9Hs0q ` t
1´
s0
2δ }u1}Lq if t P p0, 1s,
e´ct
`
}u0} 9Hs0q ` }u1}Lq
˘
if t P r1,8q,
À
#





if t P r1,8q,
































































}u0} 9Hσ`s0q ` }u1} 9H
s0
q
if t P p0, 1s,
e´ct
`

























































































}u0} 9Hσ`s0q ` }u1} 9H
s0
q
if t P p0, 1s,
e´ct
`

















if t P r1,8q,
where c is a suitable positive constant. Moreover, we have shown the following decay estimates for
low frequencies and middle frequencies:
}ulnχ1pt, ¨q}Lq À
#





r q}u0}Lm ` t
1´ n2pσ´δq p1´
1





































σ´δ }u1}Lm if t P r1,8q.
and
























for all t P p0,8q, where c is a suitable positive constant. Summarizing, the proof of Lemma 6.1.1 is
completed.
Remark 6.1.2. In the proof of Lemma 6.1.1 we apply Proposition 3.1.4 with a “ ´s0 for xK0pt, ξq
and a “ 0, a “ σ ´ s0, a “ 2δ ´ s0 for xK1pt, ξq. To apply Proposition 3.1.4 with these mentioned
parameters, from Remark 3.1.4 we have to guarantee that s0 ď 2δ. Because of the condition r
n
2 s ă n0
in Theorem 6.1.1, it follows immediately this condition.
Proof of Theorem 6.1.1. By using fundamental solutions we write the solution to (6.1) with vanishing
right-hand side as follows:
ulnpt, xq “ K0pt, xq ˚x u0pxq `K1pt, xq ˚x u1pxq,
where Kjpt, xq with j “ 0, 1 are defined as in Chapter 3. Applying Duhamel’s principle leads to the
following representation of solutions to (6.1):
upt, xq “ K0pt, xq ˚x u0pxq `K1pt, xq ˚x u1pxq `
ż t
0
K1pt´ τ, xq ˚x |upτ, xq|
pdτ.
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q
We introduce the data space Aσ`s0m,q :“ pLm XHσ`s0q q ˆ pLm XHs0q q. Moreover, we introduce for










































where from the estimates for solutions and some of their derivatives to the linear Cauchy problems
given in Theorem 3.3.1 we choose
f0pτq “ p1` τq
1´ n2pσ´δq p1´
1













We define the operator N : Xptq ÝÑ Xptq by the formula
Nupt, xq “ K0pt, xq ˚x u0pxq `K1pt, xq ˚x u1pxq `
ż t
0
K1pt´ τ, xq ˚x |upτ, xq|
pdτ.
We will prove that the operator N satisfies the following two estimates:











First let us prove the estimate (6.8). Taking into consideration the estimates for solutions and
some of their partial derivatives to the linear Cauchy problems in Lemma 6.1.1 we get the following





























2pσ´δq }pu0, u1q}Aσ`s0m,q .
In order to control the integral term in the representation of solutions, we use two different strategies
for τ P r0, rt ´ 1s`s and τ P rrt ´ 1s`, ts. In particular, we use the pLm X Lqq ´ Lq estimates if






























































“ }upτ, ¨q}pLqp .

















































































if n ą qσ.





























































































n´ mq n`mσ, 4mpσ ´ δq
(







































































































































































































From the definition of the norm in Xptq, we obtain immediately the inequality (6.8).
Next let us prove the estimate (6.9). Using again the estimates for solutions and some of their
partial derivatives to the linear Cauchy problems from Theorem 3.3.1, that is, the pLm X Lqq ´ Lq
estimates if τ P r0, rt´ 1s`s and the Lq ´ Lq estimates if τ P rrt´ 1s`, ts we derive for two functions









































By using Hölder’s inequality, we get
›




À }upτ, ¨q ´ vpτ, ¨q}Lqp
`










À }upτ, ¨q ´ vpτ, ¨q}Lmp
`





Analogously to the proof of (6.8), applying the fractional Gagliardo-Nirenberg inequality from
Proposition C.1.1 to the norms
}upτ, ¨q ´ vpτ, ¨q}Lη , }upτ, ¨q}Lη , }vpτ, ¨q}Lη
with η “ qp and η “ mp we derive the following estimates:











































m , we obtain
›































6.1. No loss of decay but loss of regularity 115
Applying again an analogous treatment as we did in the proof of (6.8) we may conclude for j, k “ 0, 1






















From the definition of the norm in Xptq, we obtain immediately the inequality (6.9).
Summarizing, the proof of Theorem 6.1.1 is completed.
Remark 6.1.3. In Theorem 6.1.1 we may simplify the restriction of admissible exponent p if we
assume another condition for the space dimension n instead. In other word, if we have the following
condition




then it follows 4mpσ ´ δq ě n ´ mq n ` mσ. This inequality allows us to remove the restriction of
p ą 1`
n´mq n`mσ
n´2mpσ´δq , which appears in Theorem 6.1.1 to derive
p ą 1`
4mpσ ´ δq
n´ 2mpσ ´ δq
.
Example 6.1.1. Here we want to make a comparison between Theorem 6.1.1 and Theorem 3 in the
paper [12] by choosing m “ 1, q “ 2, σ “ 1 and δ “ 0.45. In general, with these selected parameters
the admissible range of the exponents p in Theorem 3 of [12] is more flexible than the result in Theorem
6.1.1 for the space dimensions n “ 2, 3, 4 (see the following table):
Theorem 6.1.1 Theorem 3 in [12]
n “ 2 p P p3.44,8q p P p2.82,8q
n “ 3 p P p2.32, 3s p P r2, 3s
n “ 4 empty p “ 2
Tab. 6.1.: The first comparison between the obtained results.
Example 6.1.2. In this example, we want to emphasize that the results in Theorem 6.1.1 allow some
flexibility in comparison with those from Theorem 3 in the paper [12] if we choose m “ 1, q “ 3,
σ “ 1 and δ “ 0.45 (see the following table):
Theorem 6.1.1 Theorem 3 in [12]
n “ 2 p P p3.59,8q empty
n “ 3 p P r3,8q empty
n “ 4 p P r3, 4s empty
Tab. 6.2.: The second comparison between the obtained results.
6.1.2. Solutions below the energy space to the model (6.1)
In the second case we obtain solutions from Sobolev space on the base of Lq.










n´ mq n`ms, 4mpσ ´ δq
(
n´ 2mpσ ´ δq
. (6.10)
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Then, there exists a constant ε ą 0 such that for any small data
pu0, u1q P As`s0m,q satisfying the assumption }pu0, u1q}As`s0m,q ď ε,





to (6.1). The following estimates hold:
}upt, ¨q}Lq À p1` tq
1´ n2pσ´δq p1´
1












2pσ´δq }pu0, u1q}As`s0m,q , (6.13)





Following the proof of Lemma 6.1.1 we may prove the following lemma.
Lemma 6.1.2. The solutions uln to (6.1) with vanishing right-hand side satisfy the pLm X Lqq ´ Lq
estimates
}ulnpt, ¨q}Lq À p1` tq
´ n2pσ´δq p1´
1




























for any t ą 0.








. For the sake of brevity,





















We define the operator N : Xptq ÝÑ Xptq by the formula
Nupt, xq “ K0pt, xq ˚x u0pxq `K1pt, xq ˚x u1pxq `
ż t
0
K1pt´ τ, xq ˚x |upτ, xq|
pdτ.
We will prove that the operator N satisfies the following two estimates:
}Nu}Xptq À }pu0, u1q}As`s0m,q ` }u}
p
Xptq, (6.14)







First let us prove the estimate (6.14). Taking into consideration the estimates for solutions to the































2pσ´δq }pu0, u1q}As`s0m,q .
In order to control the integral term in the representation of solutions, we use the pLm X Lqq ´ Lq
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“ }upτ, ¨q}pLqp .

































































if n ą qs.























































































n´ mq n`ms, 4mpσ ´ δq
(




































































































































































































From the definition of the norm in Xptq we obtain immediately the inequality (6.14).
Next let us prove the estimate (6.15). Using again the pLm X Lqq ´ Lq estimates if τ P r0, rt´ 1s`s
and the Lq ´ Lq estimates if τ P rrt´ 1s`, ts from Theorem 3.3.2 we derive for two functions u and v
from Xptq the estimates
›




































By using Hölder’s inequality and applying again an analogous treatment as we did in the proof of
(6.9) in Theorem 6.1.1, we may conclude for k “ 0, 1 the estimates
›

















From the definition of the norm in Xptq it follows immediately the inequality (6.15).
Summarizing, the proof of Theorem 6.1.2 is completed.
Remark 6.1.4. In Theorem 6.1.2, if we assume the following condition for the space dimension:
n ď n2 :“
mqp4σ ´ 4δ ´ sq
q ´m
,
then the relation 4mpσ´ δq ě n´ mq n`ms holds. This inequality allows us to simplify the restriction
of admissible exponents p in Theorem 6.1.2 as follows:
p ą 1`
4mpσ ´ δq
n´ 2mpσ ´ δq
.
Example 6.1.3. By choosing m “ 1, q “ 2, σ “ 2, δ “ 0.9 and s “ 1.5 we obtain the admissible
range of the exponents p as follows:
p P p6.5,8q if n “ 3, or p P p3.44, 4s if n “ 4.
6.1. No loss of decay but loss of regularity 119
6.1.3. Solutions in the energy space with suitable higher regularity to the model
(6.1)
In the third case, we obtain solutions to (6.1) belonging to the energy space (on the base of Lq) with
a suitable higher regularity.
Theorem 6.1.3. Let q P p1,8q be a fixed constant, m P r1, qq and σ ă s ď σ ` nq . We assume that




n´ mq n`ms, 4mpσ ´ δq
(



























Then, there exists a constant ε ą 0 such that for any small data
pu0, u1q P As`s0m,q satisfying the assumption }pu0, u1q}As`s0m,q ď ε,









to (6.1). The following estimates hold:
}upt, ¨q}Lq À p1` tq
1´ n2pσ´δq p1´
1












2pσ´δq }pu0, u1q}As`s0m,q , (6.19)

















2pσ´δq }pu0, u1q}As`s0m,q , (6.21)





Following the proof of Lemma 6.1.1 we may prove the following lemma.
Lemma 6.1.3. The solutions uln to (6.1) with vanishing right-hand side satisfy the pLm X Lqq ´ Lq
estimates
}ulnpt, ¨q}Lq À p1` tq
´ n2pσ´δq p1´
1























































for any t ą 0.
Proof of Theorem 6.1.3. We introduce the data space As`s0m,q :“ pLm X Hs`s0q q ˆ pLm X Hs´σ`s0q q.

















































120 6. Semi-linear structurally damped σ-evolution models in the case δ P p0, σ
2
q

























We define the operator N : u P Xptq ÝÑ Nu P Xptq by the formula
Nupt, xq “ K0pt, xq ˚x u0pxq `K1pt, xq ˚x u1pxq `
ż t
0
K1pt´ τ, xq ˚x |upτ, xq|
pdτ.
We will prove that the operator N satisfies the following two estimates:











First let us prove the inequality (6.22). Our proof is divided into four steps.
Step 1: We need to estimate the norm }Nupt, ¨q}Lq . We apply the L
m X Lq ´ Lq estimates if
τ P r0, rt´ 1s`s and the Lq ´ Lq estimates if τ P rrt´ 1s`, ts from Theorem 3.3.1 to conclude


















































À }upτ, ¨q}pLmp ` }upτ, ¨q}
p
Lqp .
To estimate the norm }upτ, ¨q}p
Lkp
with k “ q,m, we apply the fractional Gagliardo-Nirenberg


































































if n ď qs.







































From both estimates we may conclude
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n´ mq n`ms, 4mpσ ´ δq
(




















































































































































Hence, we arrive at the following estimate:










Step 2: We need to estimate the norm }BtNupt, ¨q}Lq . Differentiating Nupt, xq with respect to t
we obtain
BtNupt, xq “ Bt
`











We apply the LmXLq´Lq estimates if τ P r0, rt´1s`s and the Lq´Lq estimates if τ P rrt´1s`, ts
from Theorem 3.3.1 to conclude
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Using the same ideas for deriving (6.24) we may conclude



















|D|sNupt, xq “ |D|s
`











We apply the pLmXLqq´Lq estimates if τ P r0, rt´1s`s and the Lq´Lq estimates if τ P rrt´1s`, ts




























































































will be handled as before if we apply the


















n´ mq n`ms, 4mpσ ´ δq
(























































, we shall apply Proposition C.3.2 for the






















Applying the fractional Gagliardo-Nirenberg inequality from Proposition C.1.1 we have
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. Here we have to guarantee that θq1 P r0, 1s
and θq2 P r
s´σ
s , 1s. Both conditions imply the restrictions
1 ă p ď 1`
qσ
n´ qs
if n ą qs, or p ą 1 if n ď qs.




























s´σNupt, xq “ Bt|D|
s´σ
`












By applying again the pLm X Lqq ´ Lq estimates if τ P r0, rt ´ 1s`s and the Lq ´ Lq estimates if
































































Summarizing, from the definition of the norm in Xptq we obtain immediately the inequality (6.22).
Next let us prove the inequality (6.23). Our proof is also divided into four steps.
Step 1: We need to estimate the norm }Nupt, ¨q ´ Nvpt, ¨q}Lq . We use the pL
m X Lqq ´ Lq
estimates if τ P r0, rt´ 1s`s and the Lq ´Lq estimates if τ P rt´ 1s`, ts from Theorem 3.3.1 to derive
for two functions u and v from Xptq the estimate




























By using Hölder’s inequality and applying again the same ideas as we did in the proof of (6.9) and
Step 1 to prove (6.22) we may conclude










Step 2: We need to estimate the norm }BtNupt, ¨q ´ BtNvpt, ¨q}Lq . We use
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Using the same approach of (6.9) and Step 2 to prove (6.22) we conclude












Step 3: Let us estimate the norm
›


















































































will be handled as we






























































. By using the integral representation








ωupτ, xq ` p1´ ωqvpτ, xq
˘
dω,
where Gpuq “ u|u|p´2, we obtain
›

























Thanks to the fractional Leibniz formula from Proposition C.2.1, we may estimate a product in
9Hs´σq as follows:
›


























































































































À }upτ, ¨q ´ vpτ, ¨q}θ19Hsq
}upτ, ¨q ´ vpτ, ¨q}1´θ1Lq ,








}upτ, ¨q ´ vpτ, ¨q}Lr3 À }upτ, ¨q ´ vpτ, ¨q}
θ3
9Hsq
}upτ, ¨q ´ vpτ, ¨q}1´θ3Lq ,
where





































Moreover, since ω P r0, 1s is a parameter, we may apply again the fractional chain rule with p ą










À }ωupτ, ¨q ` p1´ ωqvpτ, ¨q}p´2Lr5
›




À }ωupτ, ¨q ` p1´ ωqvpτ, ¨q}
pp´2qθ5`θ6
9Hsq






















































}upτ, ¨q} 9Hs,q ` }vpτ, ¨q} 9Hs,q
˘pp´2qθ5`θ6`








































where we note that










Summarizing, we have proved the estimates
›

















Step 4: Let us estimate the norm
›
›Bt|D|
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By the same treatment as in Step 3 to prove (6.23) we may conclude
›
›Bt|D|


















Summarizing, from the definition of the norm in Xptq and all the previous estimates we have
completed the proof of (6.23).
Remark 6.1.5. Explaining the possibility to choose the suitable parameters q1, q2, r1, ¨ ¨ ¨ , r6 and
θ1, ¨ ¨ ¨ , θ6 appearing in the proof to Theorem 6.1.3 is the same as that in Remark 5.1.4. Following the
explanations as we did in Remark 5.1.4 we may conclude the following conditions:
2 ď p ď 1`
qσ
n´ qs
if n ą qs, or p ě 2 if n ď qs,
which are sufficient to guarantee the existence of all these parameters satisfying the required conditions.
Remark 6.1.6. If we assume the following condition for the space dimension:
n ď n2 :“
mqp4σ ´ 4δ ´ sq
q ´m
,
then it follows 4mpσ ´ δq ě n ´ mq n ` ms. This inequality allows us to avoid the restriction of
p ą 1`
n´mq n`ms
n´2mpσ´δq in Theorem 6.1.3. Hence, we only need to guarantee the following restriction:
p ą 1`
4mpσ ´ δq
n´ 2mpσ ´ δq
.
Example 6.1.4. By choosing m “ 1, q “ 2, σ “ 2, δ “ 0.9 and s “ 2.5 we obtain the following
admissible range of exponents p:
n n “ 3 n “ 4 n “ 5 n “ 6 n “ 7 n “ 8
p p P p6.5,8q p P p3.5,8q p P p2.79,8q p P p2.45, 5s p P p2.25, 3s p P p2.12, 2.33s
Tab. 6.3.: The admissible range of exponents p depends on the space dimension n.
6.1.4. Large regular solutions to the model (6.1)
Finally, we obtain large regular solutions to (6.1) by using the fractional powers rule and the fractional
Sobolev embedding.
Theorem 6.1.4. Let s ą σ ` nq . Let q P p1,8q be a fixed constant and m P r1, qq. We assume that




n´ mq n`ms, 4mpσ ´ δq
(













and n ą 2mpσ ´ δq. (6.27)
Then, there exists a constant ε ą 0 such that for any small data
pu0, u1q P As`s0m,q satisfying the assumption }pu0, u1q}As`s0m,q ď ε,









to (6.1). Moreover, the estimates (6.18) to (6.21) hold.
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Proof. We introduce the definitions of spaces As`s0m,q , Xptq and X0ptq as in the proof of Theorem 6.1.3.
We repeat exactly on the one hand the same estimates for the terms |upτ, ¨q|p and |upτ, ¨q|p´ |vpτ, ¨q|p
in Lm and Lq. On the other hand, we estimate the above terms in 9Hs´σq by using the fractional
powers rule and the fractional Sobolev embedding.






. We shall apply Corollary C.4.1 for the fractional






À }upτ, ¨q} 9Hs´σq }upτ, ¨q}
p´1
L8
À }upτ, ¨q} 9Hs´σq
`
}upτ, ¨q} 9Hs˚q
` }upτ, ¨q} 9Hs´σq
˘p´1
.
Here we used Corollary C.5.1 with a suitable s˚ ă nq . Applying the fractional Gagliardo-Nirenberg
inequality from Proposition C.1.1 we have































where θ1 “ 1´
σ
s and θ2 “
s˚




















if we choose s˚ “ nq ´ ε0 with a sufficiently small ε0 ą 0. Therefore, by an analogous argument as we










































Finally, let us turn to estimate the norm
›




. Then, repeating the proof of
the second step of Theorem 5.1.4 and using the same treatment as in the proof of the above first step
we get
›





































































Summarizing, the proof of Theorem 6.1.4 is completed.
Example 6.1.5. By choosing m “ 1, q “ 2, σ “ 2, δ “ 0.9 and s “ 5 we obtain the following
admissible range of exponents p:
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n n “ 3 n “ 4 n “ 5
p p P p9.125,8q p P p4.889,8q p P p4,8q
Tab. 6.4.: The admissible range of exponents p depends on the space dimension n.
6.1.5. Large regular solution to the model (6.2)
In this section, we obtain large regular solutions to (6.2) by using the fractional powers rule and the
fractional Sobolev embedding.
Theorem 6.1.5. Let s ą σ ` nq . Let q P p1,8q be a fixed constant and m P r1, qq. We assume that




n´ mq n`mps´ 2δq, 2mp2σ ´ 3δq
(













and n ą 2mpσ ´ 2δq. (6.29)
Then, there exists a constant ε ą 0 such that for any small data
pu0, u1q P As`s0m,q satisfying the assumption }pu0, u1q}As`s0m,q ď ε,









to (6.2). Moreover, the estimates (6.18) to (6.21) hold.
Proof. We introduce the definitions of spaces As`s0m,q and Xptq as in the proof of Theorem 6.1.3. We
define the operator N : Xptq ÝÑ Xptq by the formula
Nupt, xq “ K0pt, xq ˚x u0pxq `K1pt, xq ˚x u1pxq `
ż t
0
K1pt´ τ, xq ˚x |utpτ, xq|
pdτ.
We will prove that the operator N satisfies the following two estimates:
}Nu}Xptq À }pu0, u1q}As`s0m,q ` }u}
p
Xptq, (6.30)







First let us prove the inequality (6.30). Our proof is divided into four steps.
Step 1: We need to estimate the norm }Nupt, ¨q}Lq . We apply the L
m X Lq ´ Lq estimates if
τ P r0, rt´ 1s`s and the Lq ´ Lq estimates if τ P rrt´ 1s`, ts from Theorem 3.3.1 to conclude

























































Lmp ` }utpτ, ¨q}
p
Lqp .
To estimate the norm }utpτ, ¨q}
p
Lkp
with k “ q,m, we apply the fractional Gagliardo-Nirenberg


































































if s ă σ `
n
q






































































From both estimates we may conclude












































n´ mq n`mps´ 2δq, 2mp2σ ´ 3δq
(
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Hence, we arrive at the following estimate:










Step 2: We need to estimate the norm }BtNupt, ¨q}Lq . Differentiating Nupt, xq with respect to t
we obtain
BtNupt, xq “ Bt
`











We apply the LmXLq´Lq estimates if τ P r0, rt´1s`s and the Lq´Lq estimates if τ P rrt´1s`, ts
from Theorem 3.3.1 to conclude






































Using the same way for deriving (6.32) we may conclude



















|D|sNupt, xq “ |D|s
`











We apply the pLmXLqq´Lq estimates if τ P r0, rt´1s`s and the Lq´Lq estimates if τ P rrt´1s`, ts



































































































will be handled as before if we apply the








if s ă σ `
n
q













n´ mq n`mps´ 2δq, 2mp2σ ´ 3δq
(

























































, we shall apply Corollary C.4.1 for the







À }utpτ, ¨q} 9Hs´σq }utpτ, ¨q}
p´1
L8
À }utpτ, ¨q} 9Hs´σq
`
}utpτ, ¨q} 9Hs˚q
` }utpτ, ¨q} 9Hs´σq
˘p´1
.
Here we used Corollary C.5.1 with a suitable s˚ ă nq . Applying the fractional Gagliardo-Nirenberg




















where θ “ s
˚































if we choose s˚ “ nq ´ ε0 where ε0 ą 0 is sufficiently small. By an analogous argument as we did in







































































s´σNupt, xq “ Bt|D|
s´σ
`












By applying again the pLm X Lqq ´ Lq estimates if τ P r0, rt ´ 1s`s and the Lq ´ Lq estimates if
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Summarizing, from the definition of the norm in Xptq we obtain immediately the inequality (6.30).
Next let us prove the inequality (6.31). Our proof is also divided into four steps.
Step 1: We need to estimate the norm }Nupt, ¨q ´ Nvpt, ¨q}Lq . We use the pL
m X Lqq ´ Lq
estimates if τ P r0, rt´ 1s`s and the Lq ´Lq estimates if τ P rt´ 1s`, ts from Theorem 3.3.1 to derive
for two functions u and v from Xptq the estimate
































By using Hölder’s inequality and applying again the same ideas as we did in the proof of (6.9) and
Step 1 to prove (6.30) we may conclude










Step 2: We need to estimate the norm }BtNupt, ¨q ´ BtNvpt, ¨q}Lq . We use


































Using the same approach to derive (6.9) and Step 2 to prove (6.30) we conclude












Step 3: Let us estimate the norm
›






























































































will be handled as
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Let us now turn to estimate the norm
›
›|utpτ, ¨q|





. By using the integral represen-
tation
|utpτ, xq|









ωutpτ, xq ` p1´ ωqvtpτ, xq
˘
dω,
where Gpuq “ u|u|p´2, we obtain
›
›|utpτ, ¨q|


























Thanks to the fractional powers rule from Corollary C.4.2, we can proceed as follows:
›
›|utpτ, ¨q|



























































À }ωutpτ, ¨q ` p1´ ωqvtpτ, ¨q} 9Hs´σq }ωutpτ, ¨q ` p1´ ωqvtpτ, ¨q}
p´2
L8 .
Using Corollary C.5.1 with a suitable s˚ ă nq we get
}utpτ, ¨q ´ vtpτ, ¨q}L8 À }utpτ, ¨q ´ vtpτ, ¨q} 9Hs˚q
` }utpτ, ¨q ´ vtpτ, ¨q} 9Hs´σq ,
and
}ωutpτ, ¨q ` p1´ ωqvtpτ, ¨q}L8
À }ωutpτ, ¨q ` p1´ ωqvtpτ, ¨q} 9Hs˚q
` }ωutpτ, ¨q ` p1´ ωqvtpτ, ¨q} 9Hs´σq .
Applying the fractional Gagliardo-Nirenberg inequality from Proposition C.1.1 we have
}utpτ, ¨q ´ vtpτ, ¨q} 9Hs˚q





















where θ “ s
˚
s´σ . In the same way, we get









2pσ´δq }ωutpτ, ¨q ` p1´ ωqvtpτ, ¨q}Xpτq.
Therefore, we may conclude
›
›|utpτ, ¨q|









































































































Summarizing, we have proved the estimates
›

















Step 4: Let us estimate the norm
›
›Bt|D|















































By the same treatment as in Step 3 to prove (6.31) we may conclude
›
›Bt|D|


















Summarizing, from the definition of the norm in Xptq and all the previous estimates we have
completed the proof of (6.31).
Remark 6.1.7. From the condition s ą σ ` nq , we can see that
1`
n´ mq n`mps´ 2δq
n´ 2mpσ ´ 2δq
ą 2.
Hence, the condition p ą 2 in the proof of Theorem 6.1.5 can be omitted. Moreover, if we introduce
the another condition for the space dimension n, namely
n ď n2 :“
mqp4σ ´ 4δ ´ sq
q ´m
,
then it follows 2mp2σ´3δq ě n´ mq n`mps´2δq. This inequality allows us to avoid the restriction of
p ą 1`
n´mq n`mps´2δq
n´2mpσ´2δq in Theorem 6.1.5. Hence, we only need to guarantee the following restriction:
p ą 1`
2mp2σ ´ 3δq
n´ 2mpσ ´ 2δq
.
Example 6.1.6. By choosing m “ 1, q “ 2, σ “ 2, δ “ 0.9 and s “ 5 we obtain the following
admissible range of exponents p:
p P p7.17,8q if n “ 1, or p P p4,8q if n “ 2, 3, 4, 5.
6.2. Loss of decay and loss of regularity
In this section, we show how the restrictions to the admissible exponents p appearing in all the
theorems of Section 6.1 can be relaxed. We will use some decay rates for solutions or some of their
partial derivatives to the semi-linear models which are worse than those given for solutions to the
corresponding linear models with vanishing right-hand side to treat the semi-linear models (6.1) and
(6.2). Consequently, we allow loss of decay. This strategy comes into play to bring some advantage
to weaken the restrictions to the admissible exponents p in comparison with those in the previous
section.
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6.2.1. Solutions in the energy space to the model (6.1)
In the first case we obtain solutions from energy space on the base of Lq.
Theorem 6.2.1. Under the assumptions of Theorem 6.1.1, if condition (6.3) is replaced by n ą n1,


















}pu0, u1q}Aσ`s0m,q , (6.34)
}utpt, ¨q}Lq À p1` tq
1´ n2pσ´δq p1´
1
r q}pu0, u1q}Aσ`s0m,q . (6.35)
Proof. We follow the proof of Theorem 6.1.1. Having this in mind we fix the data space and the
















and the space X0ptq :“ Cpr0, ts, H















fε1pτq “ p1` τq
1´ n2pσ´δq p1´
1













for some positive constants ε1, ε2 and ε3. Here these constants stand for the loss of decay in comparison
with the corresponding decay estimates for solutions to the linear Cauchy problem with vanishing
right-hand side.
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Finally, we conclude the following estimates:
}Nupt, ¨q}Lq À fε1ptq
`

















}BtNupt, ¨q}Lq À fε3ptq
`





From the definition of the norm in Xptq, we obtain immediately the inequality (6.8).
Next let us prove the inequality (6.9). An analogous treatment as we did in the proof of Theorem
6.1.1 and the above arguments give the following estimates:































From the definition of the norm in Xptq, we obtain immediately the inequality (6.9).
Summarizing, the proof of Theorem 6.2.1 is completed.
Remark 6.2.1. Here we can see that some loss of decay appears in Theorem 6.2.1. Although the
loss of decay is not arbitrarily small, for example, ε2 ą
σ
2pσ´δq , we can reduce the restrictions of
admissible exponents p in comparison with those of Theorem 6.1.1. In other words, the admissible
interval of exponents p is more relaxed because we only need to guarantee the conditions coming from



















then we have to guarantee another condition for the exponent p in Theorem 6.2.1 as follows:
p ě
2n´ mnq ´ 2mpσ ´ δq
n´mp3σ ´ 2δq
.
Additionally, we want to emphasize that the results in Theorem 6.2.1 bring some flexibility in com-





n´ mq n`mσ, 4mpσ ´ δq
(




appearing in Theorem 6.1.1 and Theorem 6.2.1, respectively. In order to observe the whole picture
for the admissible interval of exponents p, for example, we may summarize our results depending on
using no loss of decay or loss of decay in Theorem 6.1.1 and Theorem 6.2.1 in the following picture:
No loss of decay
n
p
















Fig. 6.1.: The admissible set of exponents p and dimensions n without loss of decay and with loss of decay.
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Example 6.2.1. In the first example, we choose m “ 1, q “ 2, σ “ 2 and δ “ 0.875 in Theorem 6.1.1
and Theorem 6.2.1. Here we can see that the idea of allowing a loss of decay cannot be applied to
Theorem 6.2.1 because there is no value of n satisfying the condition n ą n1. Hence, we only obtain
the results of Theorem 6.1.1 without a loss of decay (see the following table):
n n “ 3 n “ 4 n “ 5 n “ 6 n “ 7
p p P p7,8q p P p5,8q p P p2.63, 5s p P p2.5, 3s p P p2.27, 2.33s
Tab. 6.5.: The admissible interval of exponents p depends on the space dimension n without loss of decay.
Example 6.2.2. In the second example, we choose m “ 1, q “ 4, σ “ 2 and δ “ 0.875 in Theorem
6.1.1 and Theorem 6.2.1. Then, we can see that the loss of decay works in Theorem 6.2.1 because
there exist values of n satisfying the condition n ą n1. Hence, using loss of decay in Theorem 6.2.1
brings some flexibility for the following admissible intervals of exponents p:
n n “ 7 n “ 8 n “ 9
p p P r4,8q p P r4,8q p P r4, 9s
Tab. 6.6.: The admissible interval of exponents p depends on the space dimension n with loss of decay.
6.2.2. Solutions below the energy space to the model (6.1)
In the second case we obtain solutions from Sobolev space on the base of Lq.
Theorem 6.2.2. Under the assumptions of Theorem 6.1.2, if the condition (6.10) is replaced by
n ą n1, then we have the same conclusions of Theorem 6.1.2. But the estimates (6.12) to (6.13) are















r qq}pu0, u1q}As`s0m,q . (6.36)
Proof. We follow the proof of Theorems 6.1.2 and 6.2.1. Having this in mind we fix the data space















fε1pτq “ p1` τq
1´ n2pσ´δq p1´
1






for some positive constants ε1 and ε2. Here these constants stand for the loss of decay in comparison
with the corresponding decay estimates for solutions to the linear Cauchy problem with vanishing
right-hand side.








. Next we choose ε2 “
s
2pσ´δq ` ε1.
Then, following the proofs of Theorems 6.1.2 and 6.2.1 we may prove Theorem 6.2.2.
Remark 6.2.2. Here we can see that some loss of decay appears in Theorem 6.2.2. This brings some
benefits to reduce the restrictions of admissible exponent p in comparison with those from Theorem
6.1.2. In other words, the admissible interval of exponents p is more relaxed because we only need
to guarantee the conditions coming from Gagliardo-Nirenberg inequality. Moreover, if we assume



















then we have to guarantee another condition for exponents p in Theorem 6.2.2 as follows:
p ě
2n´ mnq ´ 2mpσ ´ δq
n´ 2mpσ ´ 2δq ´ms
.
Example 6.2.3. If we choose m “ 1, q “ 4, σ “ 2, δ “ 0.875 and s “ 1.8 in Theorem 6.2.2, then
we can see that the loss of decay works in Theorem 6.2.2. Hence, we obtain the following admissible
intervals of exponents p:
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n n “ 7 n “ 8 n “ 9
p p P r4,8q p P r4, 10s p P r4, 5s
Tab. 6.7.: The admissible interval of exponents p depends on the space dimension n with loss of decay.
6.2.3. Solutions in the energy space with suitable higher regularity to the model
(6.1)
Now we obtain solutions belonging to the energy space with a suitable higher regularity.
Theorem 6.2.3. Under the assumptions of Theorem 6.1.3, if condition (6.16) is replaced by n ą n1,
then we have the same conclusions of Theorem 6.1.3. But the estimates (6.18) to (6.21) are modified




























r q}pu0, u1q}As`s0m,q . (6.38)
Proof. We follow the proof of Theorems 6.1.3 and 6.2.1. Having this in mind we fix the data space






















and the space X0ptq :“ Cpr0, ts, H
s















fε1pτq “ p1` τq
1´ n2pσ´δq p1´
1


















for some positive constant εj with j “ 1, 2, 3, 4. Here these constants stand for the loss of decay in
comparison with the corresponding decay estimates for solutions to the linear Cauchy problem with
vanishing right-hand side.













σ´δ and ε4 “
s´σ`2δ
2pσ´δq . Then, following the proofs of Theorems 6.1.3 and 6.2.1 we may prove
Theorem 6.2.3.
Remark 6.2.3. Here we can see that some loss of decay appears in Theorem 6.2.3. This brings some
benefits to reduce the restrictions of admissible exponents p in comparison with those from Theorem
6.1.3. In other words, the admissible interval of exponents p is more relaxed because we only need to
guarantee the conditions coming from the fractional Gagliardo-Nirenberg inequality and the fractional
chain rule.
Example 6.2.4. If we choose m “ 1, q “ 4, σ “ 2, δ “ 0.875 and s “ 2.5 in Theorem 6.2.3, then we
can see that the idea to allow loss of decay works in Theorem 6.2.3. Hence, we obtain the following
admissible interval of exponents p:
p P r4,8q for all n “ 7, 8, 9.
6.2.4. Large regular solutions to the model (6.1)
Now we obtain large regular solutions to (6.1).
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Theorem 6.2.4. Under the assumptions of Theorem 6.1.4, if the condition (6.26) is replaced by
n ą n1, then we have the same conclusions of Theorem 6.1.4. But the estimates (6.18) to (6.21) are




























r q}pu0, u1q}As`s0m,q . (6.40)
Proof. We follow the proof of Theorems 6.1.4 and 6.2.1. Having this in mind we fix the data space and
the solution space as in the proof of Theorem 6.1.4, but we use the norm as in the proof of Theorem
6.2.3.
Now we fix the constant ε1, and choose εj with j “ 2, 3, 4 as in the proof of Theorem 6.2.3. Then,
following the proofs of Theorems 6.1.4 and 6.2.1 we may prove Theorem 6.2.4.
Example 6.2.5. If we choose m “ 1, q “ 10, σ “ 2, δ “ 0.875 and s “ 10.5 in Theorem 6.2.4, then
we can see that the loss of decay works in Theorem 6.2.4. Hence, we obtain the following admissible
interval of exponents p:
n n “ 6 n “ 7 n “ 8 n “ 9
p p P r10, 15.17s p P r10, 13.14s p P r10, 11.625s p P r10, 10.44s
Tab. 6.8.: The admissible range of exponents p depends on the space dimension n with loss of decay.
6.2.5. Large regular solutions to the model (6.2)
Finally, we obtain large regular solutions to (6.2).
Theorem 6.2.5. Under the assumptions of Theorem 6.1.5, if the condition (6.28) is replaced by
n ą n1, then we have the same conclusions of Theorem 6.1.5. But the estimates (6.18) to (6.21) are




























r qq}pu0, u1q}As`s0m,q . (6.42)
Proof. We follow the proof of Theorems 6.1.5 and 6.2.1. Having this in mind we fix the data space and
the solution space as in the proof of Theorem 6.1.5, but we use the norm as in the proof of Theorem
6.2.3.













σ´δ ` ε and ε4 “
s´σ`2δ
2pσ´δq ` ε. Then, following the proofs of Theorems 6.1.5 and 6.2.1 we may
prove Theorem 6.2.5.
Example 6.2.6. If we choose m “ 1, q “ 10, σ “ 2, δ “ 0.875 and s “ 10.5 in Theorem 6.2.5, then
we can see that the loss of decay works in Theorem 6.2.5. Hence, we obtain the following admissible
interval of exponents p:
n n “ 6 n “ 7 n “ 8 n “ 9
p p P r10, 15.17s p P r10, 13.14s p P r10, 11.625s p P r10, 10.44s
Tab. 6.9.: The admissible range of exponents p depends on the space dimension n with loss of decay.
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7. Semi-linear structurally damped
σ-evolution models in the case δ P pσ2 , σs
Let us consider the following two Cauchy problems:
utt ` p´∆q
σu` µp´∆qδut “ |u|
p, up0, xq “ u0pxq, utp0, xq “ u1pxq (7.1)
and
utt ` p´∆q
σu` µp´∆qδut “ |ut|
p, up0, xq “ u0pxq, utp0, xq “ u1pxq (7.2)
in space dimensions n ě 2 with σ ě 1, δ P pσ2 , σs, µ ą 0 and a given number p ą 1.
Let us explain our objectives and strategies as follows:
• The estimates for solutions to the linear Cauchy problems (4.1) are a key tool to deal with the
semi-linear Cauchy problems (7.1) and (7.2).
• By using the fractional Gagliardo-Nirenberg inequality, the fractional chain rule, the fractional
powers rule, the fractional Sobolev embedding and some auxiliary inequalities, we obtain global
(in time) existence of small data solutions in the energy space, in the solution space below energy
space, in the energy space with a suitable higher regularity and in the large regular space.
• Some examples are presented at the end of each theorem to compare with known results.



















































7.1. Global (in time) existence of small data solutions to the
model (7.1)
7.1.1. Data from the energy space
In the first result we assume data from energy space on the base of Lq.






























Then, there exists a constant ε ą 0 such that for any small data
pu0, u1q P A2δm,q satisfying the assumption }pu0, u1q}A2δm,q ď ε,
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r q}pu0, u1q}A2δm,q , (7.8)





Proof. We introduce the data space A2δm,q :“ pLm X H2δq q ˆ pLm X Lqq. Moreover, we introduce for




























































































We define the operator N : Xptq ÝÑ Xptq by the formula
Nupt, xq “ K0pt, xq ˚x u0pxq `K1pt, xq ˚x u1pxq `
ż t
0







where Kjpt, xq with j “ 0, 1 are defined as in Chapter 4. We will prove that the operator N satisfies
the following two estimates:











First let us prove the estimate (7.9). Taking into consideration the estimates for solutions and some
of their partial derivatives to the linear Cauchy problems from Theorems 4.3.1 and 4.4.4 we get the








































r q}pu0, u1q}A2δm,q .
In order to control the integral term in the representation of solutions, we use the pLm X Lqq ´ Lq

















































À }upτ, ¨q}pLmp ` }upτ, ¨q}
p
Lqp .
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if n ą 2qδ.
















































































































































































































for s “ σ, 2δ. From the definition of the norm in Xptq, we obtain immediately the inequality (7.9).
Next let us prove the estimate (7.10). Using again the pLm X Lqq ´ Lq estimates from Theorems
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Applying Hölder’s inequality leads to
›




À }upτ, ¨q ´ vpτ, ¨q}Lqp
`










À }upτ, ¨q ´ vpτ, ¨q}Lmp
`





In the same way as in the proof of (7.9), after employing the fractional Gagliardo-Nirenberg in-
equality from Proposition C.1.1 to the norms
}upτ, ¨q ´ vpτ, ¨q}Lη , }upτ, ¨q}Lη , }vpτ, ¨q}Lη















































































From the definition of the norm in Xptq, we may conclude the inequality (7.10).
Summarizing, the proof of Theorem 7.1.1 is completed.
Example 7.1.1. In the first example, we want to make a comparison between the statements from
Theorem 7.1.1 and those from Theorem 4 in the paper [12] by choosing m “ 1, q “ 2, σ “ 1 and
δ “ 0.8. In general, with these selected parameters the admissible range of exponents p in Theorem 4 of
[12] is more flexible than the result in Theorem 7.1.1 for the space dimensions n “ 4, 5, 6. Nevertheless,
for n “ 3 the result in Theorem 4 of [12] is empty while the admissible range of exponents p in Theorem
7.1.1 is available (see the following table):
Theorem 7.1.1 Theorem 4 in [12]
n “ 3 p P p5.75,8q empty
n “ 4 p P p3.73, 5s p P r2, 5s
n “ 5 p P p2.64, 2.78s p P r2, 2.78s
n “ 6 empty p P r2, 2.14s
Tab. 7.1.: The first comparison between the obtained results.
Example 7.1.2. In the second example, we want to emphasize that the results from Theorem 7.1.1
allow some flexibility in comparison with those from Theorem 4 in the paper [12] if we choose m “ 1,
q “ 3, σ “ 1.4 and δ “ 1 (see the following table):
Theorem 7.1.1 Theorem 4 in [12]
n “ 3 p P p8.33,8q empty
n “ 4 p P p4.33,8q empty
n “ 5 p P p3.22,8q empty
n “ 6 p P r3,8q empty
n “ 7 p P r3, 7s empty
n “ 8 p P r3, 4s empty
Tab. 7.2.: The second comparison between the obtained results.
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Example 7.1.3. In the third example, we want to make a comparison between the statements from
Theorem 7.1.1 and those from Theorem 2 in the paper [12] in the viscoelastic damping case by choosing
m “ 1, q “ 2 and σ “ δ “ 1. In general, with these selected parameters the admissible range of
exponents p in Theorem 2 of [12] is larger than that in Theorem 7.1.1 for the space dimensions n “ 4, 5
(see the following table):
Theorem 7.1.1 Theorem 2 in [12]
n “ 4 p P p12,8q p P r2,8q
n “ 5 p P p4.67, 5s p P r2, 5s
Tab. 7.3.: The third comparison between the obtained results.
Example 7.1.4. In the fourth example, we want to emphasize that in the viscoelastic damping case
the results from Theorem 7.1.1 allow some flexibility in comparison with those from Theorem 2 in the
paper [12] if we choose m “ 1, q “ 3 and σ “ δ “ 1 (see the following table):
Theorem 7.1.1 Theorem 2 in [12]
n “ 3 p P p15,8q empty
n “ 4 p P p6,8q empty
n “ 5 p P p3.67,8q empty
n “ 6 p P p3.25,8q empty
n “ 7 p P r3, 7s empty
n “ 8 p P r3, 4s empty
Tab. 7.4.: The fourth comparison between the obtained results.
Remark 7.1.1. In this remark, we allow a loss of decay in estimates for solutions to semi-linear models
in comparison with the corresponding decay estimates for solutions of the linear Cauchy problem with
vanishing right-hand side. We follow the proof of Theorem 7.1.1. Having this in mind we fix the data



















































































for some positive constant εj with j “ 1, ¨ ¨ ¨ , 4.









. Next we choose ε2 “
σ














which allows us to omit the condition (7.3).
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7.1.2. Data below the energy space
In the second result we assume data from Sobolev space on the base of Lq.































Then, there exists a constant ε ą 0 such that for any small data
pu0, u1q P Asm,q satisfying the assumption }pu0, u1q}Asm,q ď ε,







































2δ }pu0, u1q}Asm,q , (7.14)





Proof. We introduce the data space Asm,q :“ pLmXHsq qˆ pLmXLqq. Moreover, we introduce for any








































We define the operator N : Xptq ÝÑ Xptq by the formula
Nupt, xq “ K0pt, xq ˚x u0pxq `K1pt, xq ˚x u1pxq `
ż t
0







We will prove that the operator N satisfies the following two estimates:
}Nu}Xptq À }pu0, u1q}Asm,q ` }u}
p
Xptq, (7.15)







First let us prove the estimate (7.15). Taking into consideration the estimates for solutions and
some of their partial derivatives to the linear Cauchy problems in Theorems 4.3.3 and 4.4.4 we get





















2δ }pu0, u1q}Asm,q .
In order to control the integral term in the representation of solutions, we use the pLm X Lqq ´ Lq
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À }upτ, ¨q}pLmp ` }upτ, ¨q}
p
Lqp .




























































































if n ą qs.











































































































































































From the definition of the norm in Xptq, we obtain immediately the inequality (7.15).
Next let us prove the estimate (7.16). By applying again an analogous treatment as we did in the




























From the definition of the norm in Xptq, we obtain immediately the inequality (7.16).
Summarizing, the proof of Theorem 7.1.2 is completed.
Remark 7.1.2. We want to underline that due to the flexibility of the choice of parameter q P p1,8q,
we really get a result for arbitrarily small positive s in Theorem 7.1.2. In particular, if we take any
small positive s “ ε, then we may also choose, for example, a sufficiently large q “ 1ε2 and m “ 1 in
order to guarantee the existence of both an admissible space dimension n and admissible exponents p
satisfying the required conditions in Theorem 7.1.2.
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Example 7.1.5. In the first example, by choosing m “ 1, q “ 2, σ “ 1.8, δ “ 1 and s “ 1.5 we
obtain the following admissible range of exponents p in the structural damping case:
p P p6.25,8q if n “ 3, or p P p3.53, 4s if n “ 4.
Example 7.1.6. By choosing m “ 1, q “ 3, σ “ δ “ 1 and s “ 1.5 we obtain the following admissible
range of exponents p in the viscoelastic damping case:
n n “ 3 n “ 4 n “ 5 n “ 6
p p P p15,8q p P p6,8q p P p3.5, 10s p P p3.06, 4s
Tab. 7.5.: The admissible range of exponents p depends on the space dimension n.
7.1.3. Data from the energy space with suitable higher regularity
The third result contains Sobolev solutions to (7.1) belonging to the energy space (on the base of Lq)
with a suitable higher regularity.
Theorem 7.1.3. Let q P p1,8q be a fixed constant and m P r1, qq. Let 2δ ă s ď 2δ ` nq and n ě 1.






























Then, there exists a constant ε ą 0 such that for any small data
pu0, u1q P Asm,q satisfying the assumption }pu0, u1q}Asm,q ď ε,









to (7.1). The following estimates hold:



























2δ }pu0, u1q}Asm,q , (7.20)




























2δ }pu0, u1q}Asm,q , (7.22)
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where











































We define a mapping N : Xptq ÝÑ Xptq in the following way:
Nupt, xq “ K0pt, xq ˚x u0pxq `K1pt, xq ˚x u1pxq `
ż t
0
K1pt´ τ, xq ˚x |upτ, xq|
pdτ.
In order to conclude the uniqueness and the global (in time) existence of small data solutions to
(7.1), we have to prove the following pair of inequalities:











First let us prove the inequality (7.23). Our proof is divided into four steps.
Step 1: We need to estimate the norm }Nupt, ¨q}Lq . We use the pL
m X Lqq ´ Lq estimates from

















































À }upτ, ¨q}pLmp ` }upτ, ¨q}
p
Lqp .




























































































if n ą qs.



























Summarizing, from both estimates we may conclude
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Therefore, we arrive at the following desired estimate:
















Step 2: We need to estimate the norm }BtNupt, ¨q}Lq . Differentiating Nupt, xq with respect to t
we obtain
BtNupt, xq “ Bt
`











We apply the Lm X Lq ´ Lq estimates from Theorems 4.3.1 and 4.4.4 to conclude






























Using the same ideas for deriving (7.25) we may conclude














































s´2δNupt, xq “ Bt|D|
s´2δ
`
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, we shall apply Proposition C.3.2 for the






















Applying the fractional Gagliardo-Nirenberg inequality from Proposition C.1.1 we have


























































































































. Here we have to guarantee that θq1 P r0, 1s
and θq2 P r
s´2δ
s , 1s. Both conditions imply the restriction
1 ă p ď 1`
2qδ
n´ qs
if n ą qs, or p ą 1 if n ď qs.

































|D|sNupt, xq “ |D|s
`














































































Summarizing, from the definition of the norm in Xptq we obtain immediately the inequality (7.23).
Next let us prove the inequality (7.24). Following the proof of Theorem 7.1.1, the new difficulty is
to estimate the norm
›

















ωupτ, xq ` p1´ ωqvpτ, xq
˘
dω,
where Gpuq “ u|u|p´2, leads to
›

























Applying the fractional Leibniz formula from Proposition C.2.1 we derive the following estimate:
›

























































































À }upτ, ¨q ´ vpτ, ¨q}θ19Hsq
}upτ, ¨q ´ vpτ, ¨q}1´θ1Lq ,




}upτ, ¨q ´ vpτ, ¨q}Lr3 À }upτ, ¨q ´ vpτ, ¨q}
θ3
9Hsq






































Because ω P r0, 1s is a parameter, employing again the fractional chain rule with p ą 1 ` rs ´ 2δs


















À }ωupτ, ¨q ` p1´ ωqvpτ, ¨q}
pp´2qθ5`θ6
9Hsq






















































` }vpτ, ¨q} 9Hsq
˘pp´2qθ5`θ6`
}upτ, ¨q}Lq ` }vpτ, ¨q}Lq
˘pp´2qp1´θ5q`1´θ6
.
Hence, we derived the following estimate:
›
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where we note that

































































From the definition of the norm in Xptq the inequality (7.24) follows.
Summarizing, the proof of Theorem 7.1.3 is complete.
Remark 7.1.3. One should explain if one can really choose the parameters q1, q2, r1, ¨ ¨ ¨ , r6 and
θ1, ¨ ¨ ¨ , θ6 as required in the proof of Theorem 7.1.3. Following the explanations as we did in Remark
5.1.4 we may conclude the following conditions:
2 ď p ď 1`
q2δ
n´ qs
if n ą qs, or p ě 2 if n ď qs.
These conditions are sufficient to guarantee the existence of all these parameters satisfying the required
conditions.
Example 7.1.7. In the first example, by choosing m “ 1, q “ 2, σ “ 1.8, δ “ 1 and s “ 2.5 we
obtain the following admissible range of exponents p in the structural damping case:
n n “ 3 n “ 4 n “ 5 n “ 6 n “ 7 n “ 8
p p P p6.25,8q p P p3.65,8q p P p2.85,8q p P p2.53, 5s p P p2.37, 3s p P p2.18, 2.33s
Tab. 7.6.: The admissible range of exponents p depends on the space dimension n.
Example 7.1.8. In the second example, by choosing m “ 1, q “ 2, σ “ δ “ 1 and s “ 2.5 we obtain
the following admissible range of exponents p in the viscoelastic damping case:
n n “ 4 n “ 5 n “ 6
p p P p12,8q p P p4.67,8q p P p4, 5s
Tab. 7.7.: The admissible range of exponents p depends on the space dimension n.
7.1.4. Large regular data
Next, we obtain large regular solutions to (7.1) by using the fractional powers rule and the fractional
Sobolev embedding.
Theorem 7.1.4. Let q P p1,8q be a fixed constant and m P r1, qq. Let s ą 2δ ` nq and n ě 1. We
















and n ą 2mδκ1. (7.28)
Then, there exists a constant ε ą 0 such that for any small data
pu0, u1q P Asm,q satisfying the assumption }pu0, u1q}Asm,q ď ε,
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to (7.1). Moreover, the estimates (7.19) to (7.22) hold.
Proof. We introduce the definitions of spaces Asm,q, Xptq and X0ptq as in the proof of Theorem 7.1.3.
We repeat exactly on the one hand the same estimates for the terms |upτ, ¨q|p and |upτ, ¨q|p´ |vpτ, ¨q|p
in Lm and Lq. On the other hand, we estimate the above terms in 9Hs´2δq by using the fractional
powers rule and the fractional Sobolev embedding.






. We shall apply Corollary C.4.1 for the fractional






À }upτ, ¨q} 9Hs´2δq }upτ, ¨q}
p´1
L8
À }upτ, ¨q} 9Hs´2δq
`
}upτ, ¨q} 9Hs˚q
` }upτ, ¨q} 9Hs´2δq
˘p´1
.
Here we used Corollary C.5.1 with a suitable s˚ ă nq . Applying the fractional Gagliardo-Nirenberg
inequality from Proposition C.1.1 we have











































where θ1 “ 1´
2δ
s and θ2 “
s˚






































if we choose s˚ “ nq ´ ε0 with a sufficiently small ε0 ą 0. Therefore, by an analogous argument as we



































Finally, let us turn to estimate the norm
›




. Then, repeating the proof of
the second step of Theorem 5.1.4 and using the same treatment as in the proof of the above first step
we get
›


































































Summarizing, the proof of Theorem 7.1.4 is completed.
Example 7.1.9. In the first example, by choosing m “ 1, q “ 4, σ “ 1.8, δ “ 1 and s “ 3.5 we
obtain the following admissible range of exponents p in the structural damping case (see Tab.7.8):
Example 7.1.10. In the second example, by choosing m “ 1, q “ 4, σ “ δ “ 1.1 and s “ 3.5 we
obtain the following admissible range of exponents p in the viscoelastic damping case (see Tab.7.9):
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n n “ 3 n “ 4 n “ 5
p p P p7.39,8q p P p4.51,8q p P r4,8q
Tab. 7.8.: The admissible range of exponents p depends on the space dimension n.
n n “ 3 n “ 4 n “ 5
p p P p24,8q p P p7.67,8q p P p4.67,8q
Tab. 7.9.: The admissible range of exponents p depends on the space dimension n.
7.2. Global (in time) existence of small data solutions to the
model (7.2)
Finally, we obtain large regular solutions to (7.2) by using the fractional powers rule and the fractional
Sobolev embedding.
Theorem 7.2.1. Let q P p1,8q be a fixed constant and m P r1, qq. Let s ą 2δ ` nq and n ě 1. We
















and n ą 2mδκ2. (7.30)
Then, there exists a constant ε ą 0 such that for any small data
pu0, u1q P Asm,q satisfying the assumption }pu0, u1q}Asm,q ď ε,









to (7.2). Moreover, the estimates (7.19) to (7.22) hold.
Proof. We introduce the definitions of spaces Asm,q and Xptq as in the proof of Theorem 7.1.3. We
define a mapping N : Xptq ÝÑ Xptq in the following way:
Nupt, xq “ K0pt, xq ˚x u0pxq `K1pt, xq ˚x u1pxq `
ż t
0
K1pt´ τ, xq ˚x |utpτ, xq|
pdτ.
In order to conclude the uniqueness and the global (in time) existence of small data solutions to
(7.2), we have to prove the following pair of inequalities:
}Nu}Xptq À }pu0, u1q}Asm,q ` }u}
p
Xptq, (7.31)







First let us prove the inequality (7.31). Our proof is divided into four steps.
Step 1: We need to estimate the norm }Nupt, ¨q}Lq . We use the pL
m X Lqq ´ Lq estimates from





















































Lmp ` }utpτ, ¨q}
p
Lqp .
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if s ě 2δ `
n
q







































Summarizing, from both estimates we may conclude






































































































Therefore, we arrive at the following desired estimate:
















Step 2: We need to estimate the norm }BtNupt, ¨q}Lq . Differentiating Nupt, xq with respect to t
we obtain
BtNupt, xq “ Bt
`











We apply the Lm X Lq ´ Lq estimates from Theorems 4.3.1 and 4.4.4 to conclude































Using the same ideas for deriving (7.33) we may conclude
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if s ě 2δ `
n
q



























s´2δNupt, xq “ Bt|D|
s´2δ
`













































































































































, we shall apply Corollary C.4.1 for the







À }utpτ, ¨q} 9Hs´2δq }utpτ, ¨q}
p´1
L8
À }utpτ, ¨q} 9Hs´2δq
`
}utpτ, ¨q} 9Hs˚q
` }utpτ, ¨q} 9Hs´2δq
˘p´1
.
Here we used Corollary C.5.1 with a suitable s˚ ă nq . Applying the fractional Gagliardo-Nirenberg
























where θ “ s
˚







































if we choose s˚ “ nq ´ ε0 where ε0 ą 0 is sufficiently small. Therefore, by an analogous argument as






























































158 7. Semi-linear structurally damped σ-evolution models in the case δ P pσ
2
, σs







|D|sNupt, xq “ |D|s
`














































































Summarizing, from the definition of the norm in Xptq we obtain immediately the inequality (7.31).
Next let us prove the inequality (7.32). The new difficulty is to estimate the norm
›
›|utpτ, ¨q|






























































From the definition of the norm in Xptq we conclude immediately the inequality (7.32).
This completes the proof of Theorem 7.2.1.
Example 7.2.1. In the first example, by choosing m “ 1, q “ 4, σ “ 1.8, δ “ 1 and s “ 3 we obtain
the following admissible range of exponents p in the structural damping case:
p P r4,8q for all n “ 1, 2, 3.
Example 7.2.2. In the second example, by choosing m “ 1, q “ 4, σ “ δ “ 1.1 and s “ 3 we obtain
the following admissible range of exponents p in the viscoelastic damping case:
p P p6.89,8q if n “ 1, or p P r4,8q if n “ 2, 3.
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8. Other qualitative properties of solutions to
linear models
Up to now, we have presented pLmXLqq´Lq and Lq´Lq estimates, with q P p1,8q and m P r1, qq, for
solutions and some of their partial derivatives to the Cauchy problem for linear damped σ-evolution
models in Chapters 2, 3 and 4. Then, a direct application of these estimates is to prove the global
(in time) existence of small data Sobolev solutions to the corresponding semi-linear models from
suitable function spaces basing on Lq spaces in Chapters 5, 6 and 7. In this chapter, we explain some
other qualitative properties of solutions to the linear models as Gevrey smoothing, propagation of
singularities and loss of regularity in the cases of structural damping δ P p0, σq, external damping
δ “ 0 and visco-elastic damping δ “ σ, respectively.
The following linear Cauchy problem is of our interest:
utt ` p´∆q
σu` µp´∆qδut “ 0, up0, xq “ u0pxq, utp0, xq “ u1pxq (8.1)
with µ ą 0, σ ě 1 and δ P r0, σs.
8.1. Gevrey smoothing
We are interested to understand which Gevrey space Γa,s the solution to (8.1) belongs to. For this
reason, we will consider our estimates with the L2 norm and assume for the Cauchy data u0 P 9H
σ
and u1 P L
2. The study of regularity properties for solutions allows to restrict our considerations for
large frequencies in the extended phase space. In order to state our main results, at first we recall the
following definitions of the Gevrey space regularity.
Definition 8.1.1. A given function u : Rn ÝÑ R belongs to the Gevrey space Γa,s if and only if














More precisely, we may define the regularity of Gevrey-Sobolev spaces as follows.
Definition 8.1.2. A given function u : Rn ÝÑ R belongs to the Gevrey-Sobolev space Γa,s,ρ if and





















Theorem 8.1.1. Let us consider the Cauchy problem (8.1) with δ P p0, σ2 q. The data pu0, u1q are
supposed to belong to the space P 9Hσ ˆ L2. Then, there is a smoothing effect in the sense, that the
solutions belong to the Gevrey-Sobolev space and the Gevrey space, respectively, as follows:
upt, ¨q P Γ
1
2δ ,σ and |D|σupt, ¨q, utpt, ¨q P Γ
1
2δ ,0 for all t ą 0.





pu “ 0, pup0, ξq “xu0pξq, putp0, ξq “xu1pξq. (8.2)
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We may choose without loss of generality µ “ 1 in (8.1). We recall the characteristic roots are


















xu1pξq “: xK0pt, ξqxu0pξq ` xK1pt, ξqxu1pξq.
Taking account of the cases of large frequencies we have
λ1,2 „ ´|ξ|
2δ ˘ i|ξ|σ and λ1 ´ λ2 „ i|ξ|
σ.
We introduce the smooth cut-off functions χk “ χkp|ξ|q with k “ 1, 2, 3 as in Section 3.1. Using the





















for some positive constant c. Hence, we derive the following estimate for solutions pupt, ξq “ Fpupt, xqq



















































Moreover, we have for |ξ|σpupt, ξq “ FxÑξp|D|






































































































Therefore, by Definitions 8.1.1 and 8.1.2 we may conclude immediately upt, ¨q P Γ
1
2δ ,σ and |D|σupt, ¨q,
utpt, ¨q P Γ
1
2δ ,0 for all t ą 0 what we wanted to prove.
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8.1.2. The case δ “ σ
2
Theorem 8.1.2. Let us consider the Cauchy problem (8.1) with δ “ σ2 . The data pu0, u1q are supposed
to belong to the space 9HσˆL2. Then, there is a smoothing effect in the sense, that the solutions belong
to the Gevrey-Sobolev space and the Gevrey space, respectively, as follows:
upt, ¨q P Γ
1
σ ,σ and |D|σupt, ¨q, utpt, ¨q P Γ
1
σ ,0 for all t ą 0.
Proof. Here we divide our considerations into two cases: µ ‰ 2 and µ “ 2.




















if µ P p0, 2q.






















for some positive constant c. Hence, in an analogous way as in the proof of Theorem 8.1.1 we may
prove the statements in Theorem 8.1.2 with µ ‰ 2.
Case 2: µ “ 2. We have a double root λ1,2pξq “ ´|ξ|
σ. The solutions and their derivative in time
to (8.2) are, respectively,
pupt, ξq “ p1` t |ξ|σqe´|ξ|
σt




putpt, ξq “ ´t |ξ|
2σe´|ξ|
σt























































































































































À }u0} 9Hσ ` }u1}L2 .




















À }u0} 9Hσ ` }u1}L2 .
Summarizing, we have proved the statements in Theorem 8.1.2.
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Theorem 8.1.3. Let us consider the Cauchy problem (8.1) with δ P pσ2 , σq. The data pu0, u1q are
supposed to belong to the space 9Hσ ˆ L2. Then, there is a smoothing effect in the sense, that the
solutions belong to the Gevrey-Sobolev space and the Gevrey space, respectively, as follows:
upt, ¨q P Γ
1
2pσ´δq ,σ and |D|σupt, ¨q, utpt, ¨q P Γ
1
2pσ´δq ,0 for all t ą 0.
Proof. We will follow the proof of Theorem 8.1.1 to prove Theorem 8.1.3. For large frequencies, we
get
λ1 „ ´|ξ|
2pσ´δq, λ2 „ ´|ξ|
2δ and λ1 ´ λ2 „ |ξ|
2δ.






















for some positive constant c. Hence, in the same way as in the proof of Theorem 8.1.1 we may prove
the statements in Theorem 8.1.3.
8.2. Propagation of singularities
In this section we would like to discuss another property of solutions to (8.1), the so-called propagation
of singularities along characteristics. In order to describe this property more precisely, we are interested
in considering the so-called micro-local descriptions whose main ideas come from the notion of wave
front set. Denoting by U0px0q and V0pξ0q a neighborhood of a point x0 P Rn and a conical neighborhood
of a point ξ0 P Rn, respectively, we recall the following definitions of wave front set.
Definition 8.2.1. Let us consider a distribution g P D1. Then, a point px0, ξ0q P Rn ˆ pRnzt0uq
does not belong to the wave front set WFg if there exist two functions χ and ψ having the following
properties:




and χ ” 1 on a neighborhood U1px0q of x0, where U1px0q Ă U0px0q,
• ψ P C8 such that ψ ” 1 on a conical neighborhood V1pξ0q of ξ0 and ψ ” 0 outside a conical
neighborhood V0pξ0q, where V1pξ0q Ă V0pξ0q,






Definition 8.2.2. Let us consider a distribution g P D1. Then, a point px0, ξ0q P Rn ˆ pRnzt0uq does
not belong to the wave front set WFg if there exists a function χ having the following properties:




and χ ” 1 on a neighborhood U1px0q of x0, where U1px0q Ă U0px0q,









To apply the above definitions of wave front set for solutions to structurally damped σ-evolution
equations, we introduce the following lemma (see, for instance, [26, 27]) which explains the structure
of wave front set for Fourier integral operators.
Lemma 8.2.1. Let g P E 1pRnq be a distribution with compact support in Rn. Let A be the Fourier





where φ “ φpx, ξq is a given phase function and the amplitude a “ apx, ξq belongs to the Hörmander
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for any multi-index α, β, some constants Cα,β and for all px, ξq P Rn ˆ Rn. Let us assume that the
set
 
py, ξq P WF g : there exists x P Rn such that y “ ∇ξφpx, ξq, ∇xφpx, ξq “ 0
(
is empty. Then, it holds
WFAg Ă
 







Now let us consider the propagation of microlocal singularities for solutions to (8.1) with δ “ 0,
that is, for solutions to the Cauchy problem
utt ` p´∆q
σu` µut “ 0, up0, xq “ u0pxq, utp0, xq “ u1pxq. (8.3)
We are going to prove the following result.









: px, ξq P WFu0 YWFu1
)
for all t ‰ 0.
Proof. The study of propagation of microlocal singularities for solutions allows to restrict our con-
siderations for large frequencies in the extended phase space. From Section 3.4 we get the following
reprentation of solutions to (8.3) by Fourier multipliers for large frequencies:
















































































Hence, it is reasonable to take account of the following phase functions:






These phase functions satisfy the assumption of Lemma 8.2.1 since∇xφ˘pt, x, ηq “ η “ 0 is excluded
in Definitions 8.2.1 and 8.2.2. For this reason, with ξ “ η we may conclude from px0, ξ0q P WFu0 X
WFu1 as follows:






Therefore, this completes our proof.
Remark 8.2.1. In Theorem 8.2.1 we want to explain that microlocal singularities of solutions to
(8.3) are contained on the lateral surface of the characteristic cone with apex in the singularities of
the data. This means, that we have no small neighborhood in those points, where the data are C8.
More precisely, if px0, ξ0q P WFu0 YWFu1, i.e. the estimate from Definition 8.2.2 is not true in the
direction ξ0, then the wave front set WFupt, ¨q is contained in the set (with respect to x) of points on







Hence, the ξ0 direction is a bad one with respect to ξ .
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8.3. Loss of regularity
The main purpose of this section is to study the loss of regularity for solutions to the following
visco-elastic damped σ-evolution models:
utt ` p´∆q
σu` p´∆qσut “ 0, up0, xq “ u0pxq, utp0, xq “ u1pxq (8.4)
with σ ě 1. The study of the regularity of solutions allows to restrict our considerations for large
frequencies in the extended phase space. We are going to prove the following result.



































2σ }u1}Hra´2σ``2s` ` }u1}Ha
˘
,
where c is a suitable positive constant.
Proof. Using partial Fourier transformation to (8.4) we obtain the Cauchy problem for pupt, ξq :“





pu “ 0, pup0, ξq “xu0pξq, putp0, ξq “xu1pξq. (8.5)
The characteristic roots are





















xu1pξq “: xK0pt, ξqxu0pξq ` xK1pt, ξqxu1pξq.
We introduce the smooth cut-off functions χk “ χkp|ξ|q with k “ 1, 2, 3 as in Section 4.4. Taking
account of the cases of large frequencies separately we have
λ1 „ ´1, λ2 „ ´|ξ|
2σ, and λ1 ´ λ2 „ |ξ|
2σ.















for large frequencies. Consequently, we derive the following relations for large frequencies:












λ1 ´ λ2 “ |ξ|
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for any a ě 0, where c is a suitable positive constant. From these estimates, we observe that the
decay properties of regularity-loss type appear. Indeed, let us now decompose the solutions to (8.4)
into three parts localized separately to low, middle and high frequencies, that is,
upt, xq “ uχ1pt, xq ` uχ2pt, xq ` uχ3pt, xq,
where





with k “ 1, 2, 3.




































































































2σ }u1}Hra´2σ``2s` ` e
´ct}u1}Ha .




The main goal of this chapter is to discuss the critical exponent for the following Cauchy problem for
semi-linear structurally damped σ-evolution models:
#
utt ` p´∆q
σu` p´∆qδut “ |u|
p, x P Rn, t ą 0,
up0, xq “ u0pxq, utp0, xq “ u1pxq, x P Rn,
(9.1)
with some σ ě 1, δ P r0, σq and a given real number p ą 1. Here, critical exponent pcrit “ pcritpnq
means that for some range of admissible p ą pcrit there exists a global (in time) Sobolev solution for
small initial data from a suitable function space. Moreover, one can find suitable small data such that
there exists no global (in time) Sobolev solution if 1 ă p ď pcrit. In other words, we have, in general,
only local (in time) Sobolev solutions under this assumption for the exponent p.
For the local existence of Sobolev solutions to (9.1), we address the interested readers to Proposition
9.1 in the paper [9]. The proof of blow-up results in the present paper is based on a contradiction
argument by using the test function method. The test function method is not influenced by higher
regularity of the data. For this reason, we restrict ourselves to the critical exponent for (9.1) in the
case, where the data are supposed to belong to the energy space. To deal with the fractional Laplacian
p´∆qσ and p´∆qδ as well-known non-local operators, a modified test function method is applied to
prove a blow-up result in the subcritical case and in the critical case as well.
Let us now introduce the following two parameters:
k´ :“ mintσ; 2δu and k` :“ maxtσ; 2δu.
9.1. Main theorem
In order to state our blow-up result, we recall the global (in time) existence result of small data energy
solutions to (9.1) in the following theorem.
Theorem 9.1.1 (Global existence). Let m P r1, 2q and n ą m0k



































satisfying the assumption }u0}LmXHk` ` }u1}LmXL2 ď ε0,









to (9.1). Moreover, the following estimates hold:
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We are going to prove the following result.
Theorem 9.1.2 (Blow-up). Let σ ě 1, δ P r0, σq and n ą k´. We assume that we choose the initial
data u0 “ 0 and u1 P L
1 satisfying the following relation:
ż
Rn
u1pxqdx ą ε, (9.3)













Remark 9.1.1. We want to underline that the lifespan Tε of Sobolev solutions to given data p0, εu1q




2σ´pn´k´qpp´1q with C ą 0. (9.5)
Remark 9.1.2. If we choose m “ 1 in Theorem 9.1.1, then from Theorem 9.1.2 it is clear that the










and 4δ ă n ď 4σ.
However, in the case δ P pσ2 , σq there appears a gap between the exponents given by 1`
2δ`σ
n´σ from
Theorem 9.1.1 and 1` 2σn´σ from Theorem 9.1.2 for 2σ ă n ď 8δ.
9.2. A modified test function
In this section, we collect some preliminary knowledge about a modified test function method needed
in our proofs.
Definition 9.2.1 ([43, 70]). Let s P p0, 1q. Let X be a suitable set of functions defined on Rn. Then,
the fractional Laplacian p´∆qs in Rn is a non-local operator given by
















:“ p1 ` |x|2q
1
2 for all x P Rn and q ą 0. Then, the following estimate holds










for all x P Rn.
Proof. First, we recall the following formula of derivatives of composed functions from Lemma B.6.2
































where h “ hpzq and hpkqpzq “ d
khpzq
dzk
. Applying this formula with hpzq “ z´
q
2 and fpxq “ 1` |x|2 we











































































1 if 0 ď |x| ď 1,












|x|´|α| if |x| ě 1,
where C1 and C2 are some suitable constants. This completes the proof.

















2 for all x P Rn and q ą 0. Let m P Z, s P p0, 1q and γ :“ m` s.















if 0 ă q ` 2m ă n,〈
x
〉´n´2s
logpe` |x|q if q ` 2m “ n,〈
x
〉´n´2s
if q ` 2m ą n.
(9.6)
Proof. We follow ideas from the proof of Lemma 1.5 in [29] devoting to the case m “ 0 and s “ 12 ,
that is, the case γ “ 12 is generalized to any fractional number γ ą 0. To do this, for any s P p0, 1q we
shall divide the proof into two cases: m “ 0 and m ě 1.









p´∆qspψqpxq. According to Definition 9.2.1 of fractional Laplacian as a singular integral operator, we
have































ψpx` yq ` ψpx´ yq ´ 2ψpxq
|y|n`2s
dy.
To deal with the first integral, after using a second order Taylor expansion for ψ, we arrive at






Thanks to the above estimate and s P p0, 1q, we may remove the principal value of the integral at






ψpx` yq ` ψpx´ yq ´ 2ψpxq
|y|n`2s
dy.
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To prove the desired estimates, we shall divide our considerations into two subcases. In the first






























ˇ À 1 for all |x| ď 1. (9.7)























ψpx` yq ` ψpx´ yq ´ 2ψpxq
|y|n`2s
dy. (9.8)
For the first integral, we notice that the relations |x`y| ě |y|´ |x| ě |x| and |x´y| ě |y|´ |x| ě |x|





































for all |x| ě 1
˘
. (9.9)




















y : |x´ y| ď 3|x|
(
. (9.11)
































































p1` 3|x|qn´q if 0 ă q ă n,
logpe` 3|x|q if q “ n,
1 if q ą n.
(9.13)



























if 0 ă q ă n,〈
x
〉´n´2s
logpe` 3|x|q if q “ n,〈
x
〉´n´2s
if q ą n.
(9.14)
















































Here we used the relation |x ˘ θy| ě |x| ´ θ|y| ě |x| ´ 12 |x| “
1
2 |x|. From (9.8), (9.9), (9.14) and













if 0 ă q ă n,〈
x
〉´n´2s
logpe` 3|x|q if q “ n,〈
x
〉´n´2s
if q ą n.
(9.16)
Finally, combining (9.7) and (9.16) we may conclude all desired estimates for m “ 0.
















for any r ą 0. (9.17)
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For this reason, in order to conclude the desired estimates, we only indicate the following estimates















if 0 ă q ` 2m ă n,〈
x
〉´n´2s
logpe` |x|q if q ` 2m “ n,〈
x
〉´n´2s
if q ` 2m ą n.
(9.20)















if 0 ă q ` 2pm` kq ă n,〈
x
〉´n´2s
logpe` |x|q if q ` 2pm` kq “ n,〈
x
〉´n´2s
if q ` 2pm` kq ą n.
From these estimates, it follows immediately (9.20) to conclude (9.6) for any m ě 1. Summarizing,
the proof of Lemma 9.2.3 is completed.
Lemma 9.2.4. Let s P p0, 1q. Let ψ be a smooth function satisfying B2xψ P L
8. For any R ą 0, let














Proof. Thanks to the assumption B2xψ P L
8, following the proof of Lemma 9.2.3 we may remove the




































This completes the proof.
Lemma 9.2.5 (One mapping property in the scale of fractional spaces tHsusPR). Let γ, s P R. Then,
the fractional Laplacian









maps isomorphically the space Hs onto Hs´2γ .
This result can be found in Section 2.3.8 in [72].











ď }f}Hs }g}H´s .
The proof of Lemma 9.2.6 can be found in Theorem 16 in [27].








Proof. We present the proof from Theorem 16 in [27] to make the paper self-contained. Since the
space S is dense in Hs and H´s, there exist sequences tv1,kuk and tv2,kuk with v1,k “ v1,kpxq P S and
v2,k “ v2,kpxq P S such that
}v1,k ´ v1}Hs Ñ 0 and }v2,k ´ v2}H´s Ñ 0 as k Ñ8.
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On the one hand, as k Ñ8 we have the relations




















On the other hand, by Parseval-Plancherel formula we arrive at
ż
Rn



























pV1,kpξq pV2,kpξq dξ, (9.21)
where p¨, ¨qL2 stands for the scalar product in L








































ď }v1,k ´ v1}Hs }v2,k}H´s ` }v1}Hs }v2,k ´ v2}H´s Ñ 0 as k Ñ8.






v1pxq v2pxq dx as k Ñ8. (9.22)
In the same way we also derive
ż
Rn
pV1,kpξq pV2,kpξq dξ Ñ
ż
Rn
pV1pξq pV2pξq dξ as k Ñ8. (9.23)
Summarizing from (9.21) to (9.23) we may conclude
ż
Rn
v1pxq v2pxq dx “
ż
Rn




Therefore, the proof of Lemma 9.2.7 is completed.
9.3. Proof of the main theorem
We divide the proof of Theorem 9.1.2 into several cases.
9.3.1. The case that both parameters σ and δ are integers
Proof. The proof of this case can be found in the paper [9].
9.3.2. The case that the parameter σ is integer and the parameter δ is
fractional from p0, 1q




and the function η “ ηptq having the
following properties:






1 if 0 ď t ď 12 ,
decreasing if 12 ď t ď 1,















where p1 is the conjugate of p ą 1 and C is a suitable positive constant. Let R be a large parameter
in r0,8q. We define the following test function:
φRpt, xq :“ ηRptqϕRpxq,
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|upt, xq|pφRpt, xq dxdt.





After multiplying the equation (9.1) by φR “ φRpt, xq, we carry out partial integration to derive



























u1pxqϕRpxq dx` J1 ` J2 ´ J3. (9.25)
Applying Hölder’s inequality with 1p `
1



































































































Here we used B2t ηRptq “ R
´2αη2pt̃q and the assumption (9.24). Now let us turn to estimate J2 and
J3. First, by using ϕR P H









σupt, xq dx “
ż
Rn
|ξ|2σ pϕRpξq pupt, ξq dξ “
ż
Rn




δupt, xq dx “
ż
Rn
|ξ|2δ pϕRpξq pupt, ξq dξ “
ż
Rn
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In order to control the above two integrals, the key tools rely on the results from Lemmas 9.2.1,















































where we note (σ is an integer) that p´∆qσϕRpxq “ R



















Next carrying out again the change of variables t̃ :“ R´αt and x̃ :“ R´1x and employing Lemma























































Here we used BtηRptq “ R
´αη1pt̃q and the assumption (9.24). To deal with the last integral, we


















Because of the assumption (9.3), there exists a sufficiently large constant R0 ą 0 such that it holds
ż
Rn
u1pxqϕRpxq dx ą 0 (9.29)


























p1 ´ IR (9.30)
for all R ą R0. Moreover, applying the inequality
Ayγ ´ y ď A
1







for all R ą R0. It is clear that the assumption (9.4) is equivalent to ´2σp
1 ` n ` α ď 0. For this
reason, in the subcritical case, that is, ´2σp1 ` n` α ă 0 letting RÑ8 in (9.31) we obtain
ż
Rn
u1pxq dx “ 0.
This is a contradiction to the assumption (9.3).
Let us turn the critical case p “ 1` 2σn´k´ . It follows immediately ´2σ`
n`α
p1 “ 0. Then, repeating
some arguments as we did in the subcritical case we may conclude the following estimate:
0 ă C0 :“
ż
Rn
u1pxqϕRpxq dx ď C1I
1
p
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From (9.32) it is obvious that IR ď C1I
1
p
R and C0 ď C1I
1
p






















































in the assumption (9.3). Then, there exists a sufficiently large constant R1 ą 0 so that
ż
Rn
u1pxqϕRpxq dx ą ε













Therefore, letting j Ñ 8 in (9.35) we derive IR Ñ 8, which is a contradiction to (9.33). Summa-
rizing, the proof is completed.
Let us now consider the case of subcritical exponent to explain the estimate for lifespan Tε of
solutions in Remark 9.1.1. We assume that u “ upt, xq is a local (in time) Sobolev solution to (9.1) in
r0, T qˆRn. In order to prove the lifespan estimate, we replace the initial data p0, u1q by p0, εu1q with
a small constant ε ą 0, where u1 P L
1 satisfies the assumption (9.3). Hence, there exists a sufficiently
large constant R2 ą 0 so that we have
ż
Rn
u1pxqϕRpxq dx ě c ą 0
for any R ą R2. Repeating the steps in the above proofs we arrive at the following estimate:
ε ď C R´2σp
1
`n`α ď C T´
2σp1´n´α
α
with R “ T
1
α . Finally, letting T Ñ T´ε we may conclude (9.5).
Remark 9.3.1. We want to underline that in the special case σ “ 1 an δ “ 12 the authors in [12]
have investigated the critical exponent pcrit “ pcritpnq “ 1 `
2
n´1 . If we plug σ “ 1 and δ “
1
2 into
the statements of Theorem 9.1.2, then the obtained results for the critical exponent pcrit coincide.
9.3.3. The case that the parameter σ is integer and the parameter δ is
fractional from p1, σq
Proof. We follow ideas from the proof of Section 9.3.2. At first, we denote sδ :“ δ ´ tδu. Let us
introduce test functions η “ ηptq as in Section 9.3.2 and ϕ “ ϕpxq :“
〈
x
〉´n´2sδ . We can repeat
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Let us turn to estimate J3, where δ is any fractional number in p1, σq. In the first step, applying




































Now we can re-write δ “ mδ ` sδ, where mδ :“ tδu ě 1 is integer and sδ is a fractional number in







By the change of variables x̃ :“ R´1x we also notice that
p´∆qmδϕRpxq “ R
´2mδp´∆qmδpϕqpx̃q











































〉´q´2mδ´2k and ϕk,Rpxq :“ ϕkpR´1xq “ 〈x̃〉´q´2mδ´2k






















p´n` q ` 2jqpq ` 2mδqpq ` 2mδ ` 2q p´∆q
sδpϕ2,Rqpxq



























p´n` q ` 2jqpq ` 2mδqpq ` 2mδ ` 2q p´∆q
sδpϕ2qpx̃q
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Here we used BtηRptq “ R
´αη1pt̃q and the assumption (9.24). After applying Lemma 9.2.3 with












〉´n´2sδ dx̃¯ 1p1 À I 1pR,tR´2δ´α`n`αp1 . (9.38)
Finally, combining (9.36) to (9.38) and repeating arguments as in Section 9.3.2 we may complete
the proof of Theorem 9.1.2.
9.3.4. The case that the parameter σ is fractional from p1,8q and the
parameter δ is integer
Proof. We follow ideas from the proofs of Sections 9.3.2 and 9.3.3. At first, we denote sσ :“ σ ´ tσu.





repeating the proof of Sections 9.3.2 and 9.3.3 we may conclude what we wanted to prove.
9.3.5. The case that the parameter σ is fractional from p1,8q and the
parameter δ is fractional from p0, 1q
Proof. We follow ideas from the proofs of Sections 9.3.2 and 9.3.4. At first, we denote sσ :“ σ ´ tσu.
Next, we put s˚ :“ mintsσ, δu. It is obvious that s
˚ is fractional from p0, 1q. Let us introduce test




. Then, repeating the proof of
Sections 9.3.2 and 9.3.4 we may conclude what we wanted to prove.
9.3.6. The case that the parameter σ is fractional from p1,8q and the
parameter δ is fractional from p1, σq
Proof. We follow ideas from the proofs of Sections 9.3.2 and 9.3.5. At first, we denote sσ :“ σ ´ tσu
and sδ :“ δ ´ tδu. Next, we put s
˚ :“ mintsσ, sδu. It is obvious that s
˚ is fractional from p0, 1q. Let





the proof of Sections 9.3.2 and 9.3.5 we may conclude what we wanted to prove.
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A. Notation- Guide to the reader
Symbols used throughout the thesis
ras “ ceilingpaq smallest integer greater than or equal to a P R;
tau “ floorpaq largest integer less than or equal to a P R;
tau “ a´ tau fractional of a P R;
ras` “ maxta, 0u positive part of a P R;
Re z real part of z P C;
Im z imaginary part of z P C;
arg z argument of z P C;





1` |x|2 Japanese bracket of x P Rn;
|α| “ α1 ` ¨ ¨ ¨ ` αn length of the multi-index α “ pα1, ..., αnq P Nn;
}u}X the norm of a function u P X;
FxÑξpuq Fourier transform of u;
F´1ξÑxppuq inverse Fourier transform of pu;
∇, ∇x spatial gradient;
∆, ∆x Laplacian with respect to the spatial variables;
div divergence with respect to the spatial variables;
|D|σ, |Dx|












f À g if there exists a positive constant C such that f ď Cg;
f « g if f À g and g À f ;
f » g if f “ Cg for some constant C ą 0;
f “ opgq if lim supxÑ8
|fpxq|
|gpxq| “ 0;
f “ Opgq if lim supxÑ8
|fpxq|
|gpxq| ă 8;
suppu support of the function u;
f ˚ g convolution between f and g;
f ˚pxq g convolution between f and g with respect to the spatial variables;
Jµpzq Bessel function of first kind of order µ;
J̃µpzq modified Bessel function of first kind of order µ;
pFujpnq Fujita exponent;
Kjpt, xq fundamental solutions to the σ-evolution equation
with structural damping and visco-elastic damping;
pKjpt, ξq Fourier transform of fundamental solutions to the σ-evolution











exponent which appears in the fractional Gagliardo-Nirenberg
inequality for 0 ď s ă σ;
B1 ãÑ B2 continuous embedding of B1 in B2.
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Function spaces
We collect function spaces which are frequently used within this thesis.
Ck “ CkpRnq spaces of k times continuously differentiable functions;
Ck0 “ Ck0 pRnq spaces of k times continuously differentiable functions
with compact support;
C8 “ C8pRnq spaces of infinitely continuously differentiable functions;
C80 “ C80 pRnq spaces of infinitely continuously differentiable functions
with compact support;
Cb “ CbpRnq spaces of bounded continuous functions;
D1 “ D1pRnq spaces of distributions;
E 1 “ E 1pRnq spaces of distributions with compact support;
S “ SpRnq Schwartz spaces of rapidly decaying functions;
S 1 “ S 1pRnq spaces of tempered distributions;
Z “ ZpRnq spaces of Schwartz functions with all moments vanishing;
P set of all polynomial functions in n variables;
Z 1 “ Z 1pRnq topological dual of ZpRnq which can be canonically
identified with the factor spaces S 1pRnq{P;
Lp “ LppRnq Lebesgue spaces, 1 ď p ď 8;
Lploc “ L
p
locpRnq spaces of locally p-summable functions, 1 ď p ă 8;
Lp,8 “ Lp,8pRnq weak Lebesgue spaces, 0 ă p ď 8;







LppRnq Bessel potential spaces, 1 ď p ă 8, s P R;
9Hsp “
9HsppRnq “ |D|´sLppRnq homogeneous Bessel potential spaces, 1 ď p ă 8, s P R;
Hs “ HspRnq “ Hs2pRnq Sobolev spaces based on L2pRnq, s P R;
9Hs “ 9HspRnq “ 9Hs2pRnq homogeneous Sobolev spaces based on L2pRnq, s P R;
F sp,q “ F
s
p,qpRnq Triebel-Lizorkin spaces, s P R, 0 ă p ă 8, 0 ă q ď 8;
9F sp,q “
9F sp,qpRnq homogeneous Triebel-Lizorkin spaces, s P R, 0 ă p ă 8,
0 ă q ď 8;
9Hs,αq “
9Hs,αq pRnq weighted homogeneous Sobolev spaces of potential type,





spaces of linear continuous operators mapping LppRnq
into LqpRnq, 1 ď p, q ď 8;
Γa,s,ρ “ Γa,s,ρpRnq Gevrey-Sobolev spaces, 0 ă a, s ă 8, ρ P R;
Γs,ρ “ Γs,ρpRnq Gevrey-Sobolev spaces as the the inductive limit of all
spaces Γa,s,ρ, i.e. Γs,ρ :“
Ť
aą0 Γ
a,s,ρ, 0 ă s ă 8, ρ P R;
Γa,s “ Γa,spRnq Gevrey spaces, 0 ă a, s ă 8;




a,s, 0 ă s ă 8.
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B. Basic tools
B.1. Young’s convolution inequality
Proposition B.1.1. Let f P Lr and g P Lp be two given functions. Then, the following estimates
hold for the convolution u :“ f ˚ g:










B.2. Riesz-Thorin interpolation theorem



































Moreover, the following norm estimates are true:
}T }LpLpθÑLqθ q ď }T }
1´θ
LpLp0ÑLq0 q }T }
θ
LpLp1ÑLq1 q.
B.3. Modified Bessel functions
Let Jµ “ Jµpsq be the Bessel function of order µ P p´8,`8q. Then, J̃µpsq :“ Jµpsqsµ is called the
modified Bessel function, where µ is a non-negative integer.
Proposition B.3.1. Let f P Lp, p P r1, 2s, be a radial function. Then, the Fourier transform F pfq
is also a radial function and it satisfies














Proposition B.3.2. Assume that µ is a non-negative integer. The following properties hold:
1. s dsJ̃µpsq “ J̃µ´1psq ´ 2µJ̃µpsq,
2. dsJ̃µpsq “ ´sJ̃µ`1psq,
3. J̃´ 12 psq “
b
2














`Op|s|´ 32 q if |s| ě 1,
5. J̃µ`1pr|x|q “ ´ 1r|x|2 BrJ̃µpr|x|q, r ‰ 0, x ‰ 0.
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B.4. Faà di Bruno’s formula

























where the sum is taken over all n- tuples of non-negative integers pm1,m2, ¨ ¨ ¨ ,mnq satisfying the
constraint of the following Diophantine equation:
1 ¨m1 ` 2 ¨m2 ` ¨ ¨ ¨ ` n ¨mn “ n.
B.5. A variant of Mikhlin-Hörmander multiplier theorem





































, is continuously bounded from Lq into
itself and satisfies the following estimate:










The proof of this lemma can be found in [49] (Theorem 1) and [9] (Theorem 10).
B.6. Useful lemmas










p1` tq´mintα,βu if maxtα, βu ą 1,
p1` tq´mintα,βu logp2` tq if maxtα, βu “ 1,
p1` tq1´α´β if maxtα, βu ă 1.
Proof. Let us divide the interval r0, ts into r0, t{2s and rt{2, ts. It holds
1
2
p1` tq ď 1` t´ s ď 1` t for any s P r0, t{2s,
1
2
p1` tq ď 1` s ď 1` t for any s P rt{2, ts.
Hence, using the change of variables when needed we get
Iptq « p1` tq´α
ż t{2
0















Therefore, the proof of Lemma B.6.1 is completed.



































The result can be found in [63] at the page 202.
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C. Some inequalities in fractional Sobolev
spaces
In the Appendix we list some results of Harmonic Analysis which are important tools for proving
results on the global (in time) existence of small data Sobolev solutions to semi-linear damped σ-
evolution models with power non-linearities. In particular, these tools concern the fractional calculus
which allows to estimate power non-linearities in Sobolev spaces of fractional order (see [61]).
First of all, we recall the Bessel and Riesz potential spaces. Let s P R and 1 ă p ă 8. Then,
HsppRnq “
 





u P Z 1pRnq : }|D|su}LppRnq “ }u} 9HsppRnq ă 8
(
are called Bessel and Riesz potential spaces, respectively.
C.1. Fractional Gagliardo-Nirenberg inequality
The first inequality that we present is a generalization of the classical Gagliardo-Nirenberg inequality
to the case of Sobolev spaces of fractional order. Hence, we will refer to the following result as the
fractional Gagliardo-Nirenberg inequality.
Proposition C.1.1. Let 1 ă p, p0, p1 ă 8, σ ą 0 and s P r0, σq. Then, it holds the following
















and sσ ď θ ď 1.
For the proof one can see [35].
Corollary C.1.1. Let 1 ă p, m ă 8, σ ą 0 and s P r0, σq. Then, we have the following inequality

























and sσ ď θs,σpp,mq ď 1.
Corollary C.1.2. Let q ą 1, s1, s2 ě 0 and θ P p0, 1q. We assume s P rs1, s2s satisfying s “

















for any u P Hs1q XH
s2
q .






where θ “ aσ . Then, in order to prove (C.1), we will replace a “ s´ s1, v by |D|
s1u and σ “ s2 ´ s1.
Consequently, from (C.1) we may conclude (C.2) by using the relation }u}Haq “ }u} 9Haq
` }u}Lq with
a “ s, s1 and s2.
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C.2. Fractional Leibniz rule



































for any u P 9Hsp1 X L



















for any u P Hsp1 X L
q1 and v P Hsq2 X L
p2 .
These results can be found in [32].
C.3. Fractional chain rule
Proposition C.3.1. Let us choose s P p0, 1q, 1 ă r, r1, r2 ă 8 and a C
1 function F satisfying for
any τ P r0, 1s and u, v P R the inequality





for some continuous and non-negative function G and some non-negative function µ P L1pr0, 1sq.
Under these assumptions, the following estimate is true:
}F puq} 9Hsr
À }Gpuq}Lr1 }u} 9Hsr2
for any u P 9Hsr2 such that Gpuq P L










For the proof of this result one can see [6] or the proof in a slightly modified version in [61].
In particular we may apply Proposition C.3.1 for F puq “ |u|p or F puq “ ˘u|u|p´1. After choosing
Gpuq “ |F 1puq| and µ as a positive constant, the next result follows immediately.
Corollary C.3.1. Let F puq “ |u|p or F puq “ ˘u|u|p´1 for p ą 1, s P p0, 1q and r, r1, r2 P p1,8q.
Then, it holds
}F puq} 9Hsr
À }u}p´1Lr1 }u} 9Hsr2










The following result shows that there is no necessity to assume s P p0, 1q in the last corollary.























for any u P Lr1 X 9Hsr2 .
The proof can be found in [61].
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C.4. Fractional powers
We apply a result from [62] for the fractional powers rule.





. Let us denote by F puq one
of the functions |u|p, ˘|u|p´1u. Then, the following estimate holds:
}F puq}Hsr ď C}u}Hsr }u}
p´1
L8 .
In particular, if s P N, one may weaken the condition on p to p ą s´ 1r .
We shall use the following corollary from Proposition C.4.1.






















Using instead of u the dilation uλp¨q :“ upλ¨q in the last inequality we obtain the desired inequality





and }uλ}Lr “ λ
´nr }u}Lr
and letting λÑ8.
Proposition C.4.2. Let r P p1,8q and σ ą 0. Then, the following inequality holds:
}u v}Hσr À }u}Hσr }v}L8 ` }u}L8}v}Hσr
for any u, v P Hσr X L
8.
Corollary C.4.2. Let r P p1,8q and σ ą 0. Then, the following inequality holds:
}u v} 9Hσr
À }u} 9Hσr
}v}L8 ` }u}L8 }v} 9Hσr
for any u, v P 9Hσr X L
8.
C.5. A fractional Sobolev embedding
Proposition C.5.1. Let n ě 1, 0 ă s ă n, 1 ă q ď r ă 8, α ă nq1 where q
1 denotes conjugate






























for any u P 9Hs,αq , where
9Hs,αq “ tu : |D|
su P LqpRn, |x|αqqu is the weighted homogeneous Sobolev







The proof can be found in [71].
Corollary C.5.1. Let 1 ă q ă 8 and 0 ă s1 ă
n

























Since s2 ´ s1 ą
n
r , we may conclude
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[26] M.R. Ebert, M. Reissig. Methods for partial differential equations, qualitative properties of
solutions, phase space analysis, semilinear models. Birkhäuser, 2018.
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[43] M. Kwaśnicki. Ten equivalent definitions of the fractional laplace operator. Fract. Calc. Appl.
Anal. 20 (2017), 7-51.
[44] S. Kawashima, M. Nakao, K. Ono. On the decay property of solutions to the Cauchy problem
of the semilinear wave equation with a dissipative term. J. Math. Soc. Japan 47 (1995), no.
4, 617-653.
[45] H. Lindblad, C. Sogge. On existence and scattering with minimal regularity for semilinear
wave equations. J. Funct. Anal. 130 (1995), no. 2 , 357-426.
[46] J. Marcinkiewicz. Sur les multiplicateurs des séries de Fourier. Studia Math. 8 (1939), 78-91.
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